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Abstract—Various criteria of multiaxial fatigue fracture are studied for low-cycle fatigue (LCF); their
generalizations are proposed for a very-high-cycle fatigue (VHCF) regime. The procedure of the stress
state calculation is described for the compressor disk of the gas-turbine engine (GTE) in the f light
cycle of loading and for the low-amplitude vibrations of the blades. The durability estimations of the
disk operation are obtained for alternative mechanisms of LCF and VHCF using the calculated stress
state and the models of multiaxial fatigue fracture. The results are compared with the data observed
during operations.
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1. INRODUCTION
Currently, there are several main types of criteria and models of fatigue fracture, allowing us to estimate

the number of loading cycles for a material sample (construction element) until its fracture with respect
to its stress state, strain state, or fatigue accumulation (see [1–10]). It is not easy to determine the param-
eters of the considered models: it is an experimental task using results of uniaxial fatigue extension, tor-
sion, or bending tests with various asymmetry coefficients of the cycle.

In the present paper, we describe principal criteria of multiaxial fatigue fracture with respect to its stress
state under the conditions of low-cycle fatigue (LCF, see [2, 3, 11–13]), propose their generalizations for
the case of very-high-cycle fatigue (VHCF), and apply them to estimate the durability of the elements of
a sample technical construction.

Note that, during a multiyear exploitation, constructions work within the elasticity limits and plastic
effects are not observed until the fracture starts. Therefore, to compute the durability according to the cri-
teria of fatigue fracture, it suffices to solve the corresponding problem of elasticity theory and find the vari-
ation limits of the stress-strain state of the disk in the cyclic process. Once macrofailures such as fatigue
cracks appear and irreversible deformations begin to develop, the remaining lifetime of the construction
is negligible compared to the full operating time. That is why we do not consider studying the dependence
of the growth of fatigue cracks on the number of loading cycles and the form of the stressed state in the
present paper.

In [15, 16], durability estimates are obtained for varying-width disks (compressor disks of gas-turbine
engines) in f light loading cycles of the kind “takeoff–flight–landing” under centrifugal loads and aero-
dynamic pressures applied to blades. This cyclic process corresponds to the low-cycle fatigue (LCF)
regime. However, in recent years, much attention is paid to the study of the very-high-cycle fatigue
(VHCF)  related to long-term high-frequency oscillations of structural elements (see [1]). In particular,
processes of this kind in compressor disks of gas-turbine engines are caused by blade oscillations. Their
frequency is of the same order as the rotation frequency of the disk or is a multiple for it. If a VHCF devel-
ops to N exceeding 108 (where N is the number of cycles to fracture), then fatigue focuses might appear in
the neighborhoods of the contact zones between the blades and the disk.

Thus, apart from LCF flight loadings, constructions undergo low-amplitude vibration VHCF load-
ings. Long-term vibrations might also destroy the constructions. Note that, under long-term exploitation,
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the stress amplitude in the disks is substantially lower than the yield limit. According to the classical
approaches, the work of disks within the elasticity limits is completely safe. However, in long-term
exploitation, fatigue damage occurs even when the structure works within the elasticity limits up to
appearance of damage. Fractography of the fracture surfaces shows that fatigue damage might occur in
both LCF and VHCF modes. A distinctive feature of damage in VHCF mode is that the zone of damage
is under the surface of the structural element, and not adjacent to it, as in the case of LCF regime. These
features allow experimenters to distinguish between these mechanisms in the classification of the primary
damage mode. Remark that further development of fatigue cracks typically occurs in an accelerated LCF
mode and is observed as set of fatigue grooves on the fracture surface. This implies that these fatigue frac-
ture regimes are alternative to each other and they frequently complement and strengthen each other.
Reviews of the experimental investigations in these directions can be found in [1, 14].

Remark that in LCF mode, disk is under action of centrifugal forces and  contact forces between disk
and blades that are additionally loaded by the aerodynamic pressure. In VHCF mode, additional loads are
caused by the action of torsional vibrations of the blades. Here we do not consider the reasons for blade
vibrations such as pressure pulsation, excitation of own forms vibrations, influence of transient engine
operation modes. The frequencies and amplitudes of the vibrations are assumed to be given according [1].

Since the problem of elasticity theory is linear, it follows that the stress-strain states (SSS) caused by
the f light cycles (LCF) and due to vibrations (VHCF) can be computed separately and then the full SSS
may be obtained by summing. The full stress-strain states, calculated for two extreme vibrating blade posi-
tions, are the boundaries of the studied cyclic process. These SSS are used in the criteria of fatigue frac-
ture. By using the multi-axial criteria of fatigue fracture, we find the spatial distribution of safe exploita-
tion time and position of fatigue damage zones.

Currently, no theoretical and experimentally justified criteria exist for detection of safe exploita-
tion time in the VHCF processes. Therefore, to estimate such time for vibrating structure elements,
we use generalization [11–13] of known multiaxial criteria for the  LCF mode (N < 105) onto VHCF
mode (N > 108).

As an example, we have calculated time up to appearance the fatigue damage for disk of the compressor
(gas-turbine engine GTE D30). Firstly, we have calculated the stress-strain state of the contact system of
disk and blades in LCF and VHCF modes. Then we have used the computed stresses and strains in various
fatigue fracture criteria in order to obtain durability estimates of the typical disk under exploitation con-
ditions in the cases of  two alternative fatigue damage modes.

2. MULTIAXIAL FATIGUE-FRACTURE MODELS FOR THE VHCF REGIME
2.1. Models of Estimates with Respect to the Stress State

To find the parameters of the models of multiaxial fatigue fracture, we use the experimental curves of
uniaxial cyclic tests for various values of the asymmetry parameter R = σmin/σmax of the cycle, where σmax
and σmin are the greatest and least values of the stress in the cycle. Describing the uniaxial fatigue fracture
test results, we use the following notation: σa = (σmaxv – vσmin)/2 is the stress amplitude in the cycle and

 is the stress range in the uniaxial loading cycle.
The experimental data of the uniaxial tests are described by the Wohler curves analytically represented

by Basquin formula [2, 3]

, (1)

where  is the fatigue limit,  is the fatigue strength factor, β is the fatigue strength exponent, and  is
the number of cycles to fracture. The general form of the fatigue curve is represented in Fig. 1; for LCF
mode the left-hand branch of the curve (for N < 107) is of interest.

The fatigue fracture investigation problem is as follows: to find the spatial distribution of the number
of cycles to fracture N from equations (1), generalized for multiaxial stress state, using computed stresses
in structure under consideration. Consider generalizations [2] of uniaxial fatigue tests to multiaxial stress
state.

2.1.1. The Sines model. Due to [11], the uniaxial fatigue curve represented by Eq. (1) is generalized to
the multiaxial stress state as follows:
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where  is the sum of principal stresses averaged over the loading cycle;  is the variation of the octa-
hedral tangential stress over the cycle;  is its amplitude; and   A, and β are the parameters deter-
mined according to the experimental data.

The model parameters determined by means of the uniaxial fatigue curves at  and  are
found in [2]:

(3)

where  and  are the fatigue limits on curves  at R= –1 and  respectively.
2.1.2. The Crossland model. Due to [12], the uniaxial fatigue curve is generalized to the multiaxial stress

state as follows:

(4)

where  is the greatest (over the loading cycle) sum of principal stresses, while αc, S0, A, and β are the
parameters to be determined.

In this case, the model parameters are equal to

(5)

(see [2]).
2.1.3. The Findley model. Due to [13], the uniaxial fatigue curve is generalized to the multiaxial stressed

state as follows:

(6)

where τs and σn are the absolute magnitudes of tangent stress and normal stress for the plane with normal
vector ni, the subscript  denotes that for this plane the combination Δτs/2 + αFσn takes the greatest
value, while αF, S0, A, and β are determined by means of uniaxial fatigue curves at  and 

(7)

In presented below example the following approximate parameters for titanium alloy Ti-6Al-4V [8] are
used. Strength limit:  MPa fatigue limits along fatigue curves at  and  respecively:
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Fig. 1. The bimodal fatigue curve.
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 MРa and  MРa, exponent factor in the power-law dependence of fatigue limit on the
number of cycles to fracture: β = –0.45, Young’s modulus: E = 116 GРa, shear modulus: G = 44 GРa
Poisson’s ratio: ν = 0.32.

3. THE LCF FLIGHT LOADING CYCLE: AN EXAMPLE OF THE COMPUTATION
OF THE MULTIAXIAL STRESS STATE AND THE DURABILITY ESTIMATE

FOR STRUCTURE ELEMENTS
3.1. The Compressor Disk: a Computational Model

As an example, consider the problem of fatigue failure of the compressor disk of gas turbine engine in
flight cycles of loading (low-cycle fatigue mode). Assume that the multiaxial loading cycle for the system
“disk–blade” is the f light loading cycle (FLC) such that the aircraft achieves the greatest loading at the
cruising f light speed and the corresponding angular velocities of the compressor disk rotation. We have to
determine spatial distribution of N (number of FLC to fracture) using relations (2), (4), and (6). To do
that, one has to compute the SSS for the disk–blade system loaded by the centrifugal forces, distributed
aerodynamic pressures, and the forces of nonlinear contact interactions between the disk, blades, and
additional construction elements (see below).

The SSS of the contact disk–blade system is determined by the system of equations

du/dt = v,
including motion equations, the Hooke elasticity law differentiated with respect to time, and the kine-
matic relationships between strain rate tensor e, displacement u and velocity v. Here I is the unit tensor, λ
and μ are the Lame elasticity constants, σ is the Cauchy stress tensor, ρg is the centrifugal force, ρ is the
density, and the superscript “T” denotes the transposition operation.

Вoundary of solution region V consists of three parts of different types:  the external
loadings, velocities, and contact conditions are set on each part (respectively). For Sp and Sv, the condi-
tions have the form

where x is a boundary point, n and τα (α = 1, 2) are the unit normal and tangential vectors to the boundary,

and  is the aerodynamic pressure; the starred values are assumed to be given. For surface aerodynamic
loading, we have 

The contact conditions of various types are set on contact surfaces  to denote them, we use the nota-
tion  (α = 1, 2) and  for jumps of the tangential velocities and normal displacements, respectively.
It is assumed that the normal and tangential stresses are continuous on the contact boundaries, i.e., [σn] =
[σnα] = 0, and the friction coefficient q is nonnegative and does not depend on the tangent direction.

The following types of contact conditions are considered (t ≥ 0):
⎯the frictional contact:

and for the friction of rest
and

and  for the sliding friction
(here α = 1, 2 and, if q = 0, then the frictionless sliding or smooth contact takes place);

⎯the detachment:    (α = 1, 2);
⎯the complete sticking (ideal contact):   (α = 1, 2).
The initial value conditions are as follows: t = 0, x ∈ V : u = 0, v = 0, σ = 0.
To analyze the three-dimensional stress-strain state of the contact system of disk and blades we used

finite element method. The distribution of aerodynamic pressure was found analytically by methods of
complex variable theory using the hypothesis of isolated profile and the classical solutions of the f low
problem for a lattice of plates under arbitrary angle of attack. The deformation of blades was taken into
account (details see in [15, 18, 19]).
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The stress concentration in the vicinity of the contact boundary of dovetail type leads to a need for a
significant refinement of the computational grid in this area. Estimates show that the full-scale calculation
model for disk with a full set of the blades and with a sufficient number of finite elements requires too
many computer time and memory. In the same time, it is more economical to calculate a single sector of
the disk with single blade using sufficient finite element grid. But in this case boundary conditions at lat-
eral surfaces remain unknown. That is why, the calculation was carried out in two stages. In the first stage
a full-scale model (Fig. 2) has been calculated on a coarse grid with the number of elements of approxi-
mately 2 × 105. In the second stage a separate sector of the disk with a single blade has been calculated on
a fine grid. At the lateral surfaces, the displacements had the values obtained from the calculation of a full-
scale model.

The finite element grid for the computation of single sector with a blade is displayed in Fig. 2b. The
grid is substantially condensed in vicinity of the expected stress concentrators. The full number of ele-
ments does not exceed 100000, which is acceptable for a personal computer computation.

The following computation parameters were assigned: the angular rotation velocity ω is 314 rad/s (3000 rpm)

and the velocity head at infinity  is 26000 N/m2, which corresponds to the f low velocity of 200 m/s
with density 1.3 kg/m3. The following material properties were assigned: for the disk (of the titanium alloy),
E = 116 GРa, ν = 0.32, and ρ = 4370 kg/m3; for the blades (of an aluminum alloy), E = 69 GРa, ν = 0.33, and
ρ = 2700 kg/m3; and for fixing pins (the steel), E = 207 GРa, ν = 0.27, and ρ = 7860 kg/m3.

Our computations indicate that contact zones of dovetail type between disk and blades are the most
dangerous with respect to appearance of the fatigue cracks. Detachment and slippage with friction at the
contact boundaries should be taken into account for best concordance between calculated and observed
locations of stress concentration zones. For technological reasons, the complete sticking is set at the
boundary of fixing pin (see Fig. 3a). In Fig. 3b, the zone of maximal tensile stresses is located at the left
corner of the blade groove. To display the stress value, 12 shades of gray are used for the range between 0
and 240 MPa. It is seen that the stress concentration is increasing from the front part of the groove to its
back part. This matches the observation data about location of fatigue cracks at the back part of the groove
(see [1]).

3.2. Durability Estimates According to the LCF Criteria

The minimum durability is observed in vicinity of left corner of the contact joint of  dovetail type for
disc and blade in the areas of maximum stress concentration that shown in Fig. 4 by solid lines. Fig.4b
shows the calculated value of the number of f light cycles to fracture N for the selected multiaxial criteria
and models of fatigue fracture. The horizontal axis corresponds to dimensionless coordinate along left
corner rounding of the groove. The vertical axis corresponds to dimensionless coordinate along the groove
axis.

2 2∞ρv

Fig. 2. (a) The full geometric finite-element model. (b) The computational grid for the sector.
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The results of calculation SSS and estimates of the number of f light cycles to fracture N have been
compared with the observation results [1] regarding the regularities in the appearance and growth of
fatigue cracks.

Sines and Findlay criteria evaluated the durability of turbine engine disks at 20000–50000 f light
cycles. Crossland criterion predicted the possibility of fatigue fracture after less than 20000 flight cycles.
In general, all these criteria point to the one and the same location of expected  fatigue fracture zone.

Fig. 3. (a) The disk sector with blade. (b) The greatest principal stress.

(b)(a)

Fig. 4. (a) The zone of stress concentration. (b) The durability distribution for LCF.

(b)(a)
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4. MULTIAXIAL STRESS STATES AND DURABILITY ESTIMATES
FOR THE GTE COMPRESSOR DISK UNDER HIGH-FREQUENCY OSCILLATIONS:

A COMPUTATIONAL EXAMPLE

4.1. Fatigue Fracture: an Aternative Mechanism. Multiaxial Criteria for VHCF

Additionally, we investigate an alternative fatigue fracture mechanism related to the observed high-fre-
quency oscillations of the shroud ring. The amplitudes of these oscillations and perturbations of the
stressed state caused by these oscillations in the neighborhood of the stress concentrator are relatively
small, but the number of high-frequency cycles might achieve values of 109–1010 (during the exploitation
period). This means that it is necessary to investigate the VHCF regime and fatigue fracture possibilities
at stress levels below the classical fatigue limit of the material (see [1, 14]).

Currently, no models of multiaxial fatigue are experimentally justified for the VHCF regime. There-
fore, to estimate the durability, we adapt the known criteria (2), (4), and (6) of the multiaxial LCF regime
to the VHCF regime, taking into account the similarity of the left-hand and right-hand branches of the
fatigue curves corresponding to the LCF regime and VHCF regime respectively (see Fig. 1).

4.1.1. Generalization of the Sines model (Eq. 2). To find parameters of the multiaxial model, we take
the uniaxial fatigue curves in the VHCF regime and use the same reasoning as in the LCF regime above.
To take into account the similarity of the left-hand and right-hand branches of the fatigue curve, we use
the substitutions   and  where  and  are the new fatigue limits in the
right-hand branch of the fatigue curve for the asymmetry coefficients  and  For the Sines
model generalized for the VHCF regime (Eq. 3), the values of the parameters are as follows:

and

4.1.2. Generalization of the Crossland model (Eq. 4). In the same way, for the Crossland model gener-
alized for the VHCF regime (Eq. 5), the values of the parameters are as follows:

and

4.1.3. Generalization of the Findley model (Eq. 6). In the same way, we find the values of the parameters
for the Findley model generalized for the VHCF regime:

and

The following values of the fatigue parameters of the titanium alloy are selected for the computation in the
VHCF regime:  = 450 MPa,  = 250 MPa,  = 200 MPa, and β= –0.3.

4.2. Computations of the Low-Amplitude Axial Oscillations of the Shroud Ring

The axial displacements of the shroud flanges are related to the wave perturbations propagated along
the angular coordinate. Usually, from 12 to 16 half-waves cover the full set of blades. Thus, two positions
of a one-blade sector of the disk can be introduced as extreme states of the basic cycle for this loading type.
For those positions, the axial displacements of the left-hand endpoint of a shroud ring are directed oppo-
site to each other provided that its left-hand endpoint is not displaced; in the exploitation regimes, the
axial displacements of the left-hand endpoint achieve 1 mm. The considered low-amplitude vibrations are
superimposed on the main stressed state in the f light loading cycle, determined by the cruising speed and
the base frequency of the disk rotation computed in Sec. 3.

In Fig. 5a, the application scheme of the low-amplitude axial displacements is displayed. Thus, we
consider the cases where the maximum or minimum of the oscillation amplitude (it is equal to ±1 mm for
the frequency of 3000 rpm) takes place on the left-hand boundary. In Fig. 5b, we display the distribution
of the greatest principal stress in the groove area at the greatest angle of the blade twisting in the high-fre-
quency cycle of its rotating oscillations; both centrifugal and aerodynamic disk loadings are taken into
account. To display the stress value, 12 shades of gray are used for the range between 0 and 240 MPa. We
see that, as in the LCF case, the zone of the stress concentration is located at the left-hand angle of the
groove.
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4.3. Durability Estimates According to the VHCF Criteria

In Fig. 6, we display the computed values of the number cycles to fracture N in vicinity of the left-hand
angle of the contact junction between the disk and blade (in the zones of maximal stress concentration);

Fig. 5. (a) The scheme of the high-frequency cycle. (b) The greatest principal stress.

(b)(a)
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Fig. 6. The durability distribution for VHCF.
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this is done for the three selected generalized VHCF criteria (Sines, Crossland, and Findley) with respect
to the stressed state.

Although the level of stress amplitudes in the cycle is relatively low, we see from the computations that
zones of possible fatigue fracture arise in this case as well. They are located at the back of the left corner
of the groove, i.e., at about the same place as in the case of the f light loading cycles. Fatigue fracture zones
arise at the number N on the order of 109–1010, which means about 50000 hours of the real exploitation
(we take the cycle period of 0.02 s for the selected oscillation frequency); this value is achievable in prac-
tice. Those estimates are quite approximate, but they show the possibility of a fatigue fracture (in the spec-
ified zones of the compressor disk) according to both mechanisms: LCF (the f light loading cycle) and
VHCF (high-frequency low-amplitude vibrations of the construction elements). The mutual action of
those mechanisms might be even more dangerous because they take place in closely located zones and in
close real-time scales.

5. CONCLUSIONS
A comparative numerical analysis and durability estimates for the GTE compressor disk are provided

for two alternative mechanisms (LCF and VHCF) of the fatigue fracture. The computations show that
fatigue fracture zones for LCF and VHCF are closely located and their real-time durability estimates are
close to each other.
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