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Âî ìíîãèõ òåõíè÷åñêèõ óñòðîéñòâàõ èñïîëüçóþòñÿ ýëåìåíòû êîíñòðóêöèé â âèäå öè-
ëèíäðîâ ïåðåìåííîé òîëùèíû. Îïðåäåëåíèå óïðóãîãî íàïðÿæåííî-äåôîðìèðîâàííîãî
ñîñòîÿíèÿ (ÍÄÑ) öèëèíäðîâ íåîáõîäèìî äëÿ ïîëó÷åíèÿ îöåíêè êâàçèñòàòè÷åñêîé èëè
öèêëè÷åñêîé (óñòàëîñòíîé) ïðî÷íîñòè. Â íàñòîÿùåå âðåìÿ, êàê ïðàâèëî, äëÿ ðàñ÷åòà
ÍÄÑ ïðèìåíÿþòñÿ êîíå÷íî-ýëåìåíòíûå ïàêåòû ïðîãðàìì [1�4]. ×àñòî ãðàíèöû öèëèí-
äðîâ ñîäåðæàò ìàëûå ïåðèîäè÷åñêèå ïî îêðóæíîé êîîðäèíàòå îòêëîíåíèÿ îò îêðóæíî-
ñòè. Òîãäà íàïðÿæåíèÿ ìîæíî áûñòðî è ýêîíîìíî ðàññ÷èòàòü ìåòîäàìè òåîðèè âîçìó-
ùåíèé (ðàçëîæåíèåì ïî ìàëîìó ïàðàìåòðó) [5], óìåíüøàÿ ðàçìåðíîñòü çàäà÷è è ñâîäÿ
äâóìåðíóþ èëè äàæå òðåõìåðíóþ çàäà÷ó òåîðèè óïðóãîñòè ê ñèñòåìå îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé [6�8]. Â íàñòîÿùåé ðàáîòå ìàëûé ïàðàìåòð õàðàêòåðè-
çóåò èçìåíåíèå ðàäèóñà öèäèíäðà â çàâèñèìîñòè îò îêðóæíîé êîîðäèíàòû. Ïî îêðóæ-
íîé êîîðäèíàòå ðåøåíèå ïðåäñòàâëåíî ðÿäàìè Ôóðüå ñ êîýôôèöèåíòàìè, çàâèñÿùèìè îò
ðàäèàëüíîé êîîðäèíàòû. Äëÿ êîýôôèöèåíòîâ Ôóðüå íóëåâîãî è ïåðâîãî ïðèáëèæåíèé
âûâåäåíû ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, êîòîðûå çàòåì áûëè
ðåøåíû àíàëèòè÷åñêèì èëè ÷èñëåííî-àíàëèòè÷åñêèì ìåòîäîì.

1. Ïîñòàíîâêà è ãåîìåòðèÿ çàäà÷è. Ðàññìàòðèâàåòñÿ çàäà÷à î êâàçèñòàòè-

÷åñêîì íàïðÿæåííî-äåôîðìèðîâàííîì ñîñòîÿíèè áåñêîíå÷íî äëèííîãî òîëñòîãî
öèëèíäðà ïåðåìåííîé òîëùèíû ïîä äåéñòâèåì âíóòðåííåãî äàâëåíèÿ. Äâóìåðíàÿ
ñèñòåìà óðàâíåíèé òåîðèè óïðóãîñòè â öèëèíäðè÷åñêîé ñèñòåìå êîîðäèíàò èìååò
âèä (ïëîñêîå äåôîðìèðîâàííîå ñîñòîÿíèå)
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Çäåñü λ è µ - êîýôôèöèåíòû Ëàìå. Â äàëüíåéøåì èñïîëüçóþòñÿ áåçðàçìåðíûå

ïåðåìåííûå: íàïðÿæåíèÿ îòíåñåíû ê λ+2µ, êîîðäèíàòû r, z îòíåñåíû ê õàðàêòåð-
íîìó âíóòðåííåìó ðàäèóñó a. Ïóñòü âíåøíèé êîíòóð öèëèíäðà ÿâëÿåòñÿ îêðóæ-
íîñòüþ ðàäèóñà b (Ðèñ. 1) è ñâîáîäåí îò íàïðÿæåíèé: σnn = 0 , σnτ = 0. Ïóñòü
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ôîðìà âíóòðåííåãî êîíòóðà áëèçêà ê îêðóæíîñòè ðàäèóñà a è îïèñûâàåòñÿ óðàâ-
íåíèåì r = a+ εg(ϑ) èëè, â áåçðàçìåðíîì âèäå, r = 1+ εg(ϑ). Âíóòðåííÿÿ ãðàíèöà
öèëèíäðà íàãðóæåíà äàâëåíèåì Pa: σnn = −Pa , σnτ = 0.

Ðèñ. 1. Ðèñ. 2.

Ïóñòü ε << 1 ìàëûé ïàðàìåòð, ôóíêöèÿ g(ϑ) îïðåäåëåíà ïðè −π 6 ϑ 6 π è
ÿâëÿåòñÿ ïåðèîäè÷åñêîé ñ ïåðèîäîì −π/N 6 ϑ 6 π/N (Ðèñ. 2):

0 6 |ϑ| 6 ϑ0 − δ : g(ϑ) = 1

ϑ0 − δ < |ϑ| 6 ϑ0 + δ : g(ϑ) =

(
1− sin
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2δ

))
/2

ϑ0 + δ < |ϑ| 6 π/N : g(ϑ) = 0

Ðàçëîæåíèÿ â ðÿä Ôóðüå ýòîé ôóíêöèè è åå ïðîèçâîäíîé èìåþò âèä:
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Ëåãêî âèäíû ïåðåõîäû ïðè k → 0 è kNδ → π/2. Ïðè k = 0 èìååì g0 = 2Nϑ0/π.
Íîðìàëüíûå è êàñàòåëüíûå íàïðÿæåíèÿ íà âíóòðåííåì êîíòóðå èìåþò âèä σnn =
σijninj è σ2

nτ = |σijnj|2 − |σijninj|2.
2. Àñèìïòîòè÷åñêèé àíàëèç. Ðåøåíèå èùåì â âèäå àñèìïòîòè÷åñêîãî ðàç-

ëîæåíèÿ ïî ìàëîìó ïàðàìåòðó ε << 1:

σ(r, ϑ) = σ0(r) + εσ1(r, ϑ). s(r, ϑ) = s0(r) + εs1(r, ϑ), τ(r, ϑ) = ετ1(r, ϑ)

u(r, ϑ) = u0(r) + εu1(r, ϑ), v(r, ϑ) = εv1(r, ϑ)

ãäå îáîçíà÷åíî σ = σrr, s = σϑϑ. τ = σrϑΣ = σzz, ur = u, uϑ = v. Îòñþäà ñëåäóåò

σ|r=1+εg = σ|r=1+ εgσ′|r=1, s|r=1+εg = s|r=1+ εgs′|r=1, τ |r=1+εg = τ |r=1+ εg τ ′|r=1

σnn|r=1+εg = σ0 + ε(σ1 + gσ′
0) +O(ε2), σ2
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= ε2(τ1 + g′(s0 − σ0))
2
+ o(ε2)

Äëÿ íóëåâîãî ïðèáëèæåíèÿ (ïðè ε = 0 ) ðåøåíèå îïðåäåëÿåòñÿ ôîðìóëàìè [9]:
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Äëÿ ïåðâîãî ïðèáëèæåíèÿ çàäà÷à èìååò âèä
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σ1|r=1 = −σ′

0|r=1g(ϑ), τ1|r=1 = −(s0 − σ0)|r=1g
′(ϑ). σ1|r=b = 0, τ1|r=b = 0

Ðàçëîæåíèÿ èñêîìûõ ôóíêöèé â ðÿäû Ôóðüå èìåþò âèä:
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Äëÿ êîýôôèöèåíòîâ Ôóðüå âûâåäåíû îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíå-
íèÿ
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ñ ãðàíè÷íûìè óñëîâèÿìè

σ1k|r=1 = Σ1k, τ1k|r=1 = T1k, σ1k|r=b = 0, τ1k|r=b = 0

Äëÿ êðàòêîñòè ïðèíÿòû îáîçíà÷åíèÿ n = kN, λ̄ = λ/(λ+2µ), barµ = µ/(λ+2µ).
Îáùåå ðåøåíèå ýòîé ñèñòåìû áûëî íàéäåíî â âèäå ñóììû ÷åòûðåõ ôóíäàìåíòàëü-
íûõ ñòåïåííûõ ðåøåíèé ñ ïîêàçàòåëÿìè γl, γ1,2 = ±(n+ 1), γ3,4 = ±(n− 1):
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Äëÿ êîýôôèöèåíòîâ σkl, τkl, ukl, vkl ïîëó÷åíû àíàëèòè÷åñêèå âûðàæåíèÿ. Ïðèâå-
äåì îêîí÷àòåëüíóþ ôîðìóëó, íàïðèìåð, äëÿ êàñàòåëüíîãî íàïðÿæåíèÿ:

τ(r, ϑ) = εPa
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3. Ïðèìåðû ðàñ÷åòîâ. Ïðèíÿòû òàêèå èñõîäíûå äàííûå: N = 12, b = 1.33,

ϑ0 = 0.653π/N = 0.171, π/N = 0.262, δ = 0.163ϑ0 = 0.028, ϑ1 = ϑ0 − δ =
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0.143, ϑ2 = ϑ0 + δ = 0.199, Pa = 0.001. Íà ðèñ. 3-6 äëÿ ñåêòîðà 0 ≤ |ϑ| ≤
π/N è 1. ≤ r ≤ 1.33 ïîêàçàíû ëèíèè óðîâíÿ äëÿ σ, τ , s è

√
I2, ãäå I2 =(

(σ − s)2 + (σ − Σ)2 + (s− Σ)2 + 6τ 2
)
/6. Â îêðåñòíîñòè ëèíèè èçëîìà âíóòðåííåãî

êîíòóðà õîðîøî âèäíà çîíà êîíöåíòðàöèè íàïðÿæåíèé. Ðåçóëüòàòû äëÿ ñëó÷àÿ,
êîãäà âíóòðåííÿÿ ïîâåðõíîñòü öèëèíäðà ïðåäñòàâëåíà ÷èñòîé êîñèíóñîèäîé ïðè
N = 12 ïîêàçàíû íà ðèñ. 7-8. Ýòà ôîðìà ñîîòâåòñòâóåò çíà÷åíèÿì ïàðàìåòðîâ
ϑ0 = π/(2N), δ = ϑ0. Ðåçóëüòàòû ïðè N = 24 ïîêàçàíû íà ðèñ. 9-10.

Ðèñ. 3. Ðèñ. 4.

Ðèñ. 5. Ðèñ. 6.

Ðèñ. 7. Ðèñ. 8.

Ðèñ. 9. Ðèñ. 10.

Âî âñåõ ñëó÷àÿõ îñîáûé èíòåðåñ ïðåäñòàâëÿþò êîìïîíåíòû êàñàòåëüíûõ íà-
ïðÿæåíèé τ è èõ ìàêñèìàëüíûé óðîâåíü â çîíàõ ðåçêîãî èçìåíåíèÿ êðèâèçíû
âíóòðåííåãî êîíòóðà. Çíàÿ ýòè çíà÷åíèÿ è çàïàñ ïðî÷íîñòè ìàòåðèàëà, ìîæíî
îöåíèòü äîïóñòèìûé óðîâåíü âíóòðåííåãî äàâëåíèÿ íà âíóòðåííþþ ïîâåðõíîñòü
öèëèíäðà. Ïðåäëîæåííûé ìåòîä ïîçâîëÿåò ñäåëàòü ýòî áûñòðî è ýêîíîìíî.
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Burago N.G., Nikitin I. S. Asymmetrical deformation of elastic cylinder of variable

thickness. Elastic deformations of the cylinder of variable thickness under internal pressure
have been calculated analytically by using perturbation method and Fourier series. Special
attention was paid to the cases of practical interest, when circular cylinder has the inner
boundary that slightly di�ers from a circle.


