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Àííîòàöèÿ. Â äàííîé ðàáîòå íà îñíîâå àñèìïòîòè÷åñêîãî ìåòîäà îñðåäíåíèÿ ïîëó÷å-
íû óðàâíåíèÿ ñëîèñòîé ñðåäû ñ ïðîñêàëüçûâàíèåì ñ ó÷åòîì ÷ëåíîâ âòîðîãî ïîðÿäêà
ïî ìàëîìó ïàðàìåòðó òîëùèíû ñëîÿ. Èñïîëüçîâàíû ëèíåéíîå è íåëèíåéíîå óñëîâèÿ
ïðîñêàëüçûâàíèÿ, ñâÿçûâàþùèå ñêà÷êè êàñàòåëüíûõ ñêîðîñòåé íà êîíòàêòíûõ ãðàíè-
öàõ è êàñàòåëüíûå íàïðÿæåíèÿ (ëèíåéíîå è íåëèíåéíîå âÿçêîå òðåíèå).

Abstract. In this paper the equations of the layered medium with the terms of the
second order of the layer thickness small parameter are obtained taking into account the
slippage and based on the asymptotic method of homogenization. The linear and nonlinear
conditions of slippage are used connecting jumps of the tangential velocities at the contact
boundary and shear stresses (linear and nonlinear viscous friction).
Êëþ÷åâûå ñëîâà: ñëîèñòàÿ ñðåäà, ìåòîä îñðåäíåíèÿ, âÿçêîå òðåíèå.

Keywords: layered medium, homogenization method, viscous friction.

1. Óòî÷íåííàÿ ìîäåëü ñ ëèíåéíîé âÿçêîñòüþ
Â äåêàðòîâîé ïðÿìîóãîëüíîé ñèñòåìå êîîðäèíàò x1, x2, x3 ðàññìîòðèì áåç-

ãðàíè÷íóþ ñëîèñòóþ ñðåäó. Îñü x3 ïåðïåíäèêóëÿðíà ïëîñêîïàðàëëåëüíûì ãðà-
íèöàì ðàçäåëà ñëîåâ. Ãðàíèöû ðàçäåëà èìåþò êîîðäèíàòû x3 = x(s) = sε ,
s = 0,±1,±2, . . . , ãäå ïîñòîÿííàÿ òîëùèíà ñëîÿ ε << 1 ÿâëÿåòñÿ ìàëûì ïàðà-
ìåòðîì.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëü-
íûõ èññëåäîâàíèé (êîä ïðîåêòà 15-08-02392-à).
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Ïîëàãàåì, ÷òî íà ãðàíèöàõ ñëîåâ âûïîëíÿþòñÿ óñëîâèÿ ñêîëüæåíèÿ, ìåæñ-
ëîéíàÿ ãðàíèöà âñåãäà ïîäæàòà è âûïîëíåíî ëèíåéíîå óñëîâèå âÿçêîãî òðåíèÿ

σ33 < 0, [u3] = [σγ3] = [σ33] = 0, σγ3 = η[vγ]/ε

Çäåñü uk - êîìïîíåíòû âåêòîðà ñìåùåíèé, vk - êîìïîíåíòû âåêòîðà ñêîðîñòè,
vk = uk,t, σij - êîìïîíåíòû òåíçîðà íàïðÿæåíèé, η - êîýôôèöèåíò ýôôåêòèâíîé
âÿçêîñòè íà ãðàíèöå ñëîåâ. Êâàäðàòíûå ñêîáêè [f ] = f |x(s)+0− f |x(s)−0 îáîçíà÷à-
þò ñêà÷îê âåëè÷èíû f íà ìåæñëîéíîé ãðàíèöå. Çäåñü è äàëåå ãðå÷åñêèå èíäåê-
ñû (β, γ) ïðèíèìàþò çíà÷åíèÿ 1 è 2, ëàòèíñêèå èíäåêñû � çíà÷åíèÿ 1,2,3. Äëÿ
êîìïàêòíîñòè ôîðìóë äèôôåðåíöèðîâàíèå îáîçíà÷åíî ñëåäóþùèì îáðàçîì

∂(...)/∂xj = (...),j, ∂(...)/∂t = (...),t ∂(...)/∂ξ = (...),ξ

Ñëîè èçîòðîïíû, óïðóãè è ïîä÷èíåíû çàêîíó Ãóêà (ïðè x3 6= x(s))
σij,j − ρui,tt = 0, σij = Cijkluk,l

ãäå Cijkl = λδijδkl + µ(δikδjl + δilδjk) - òåíçîð ìîäóëåé óïðóãîñòè. Íà÷àëüíûå
óñëîâèÿ èìåþò âèä: uk|t=0 = vk|t=0 = 0.

Ââåäåì â ñîîòâåòñòâèè ñ ìåòîäîì àñèìïòîòè÷åñêîãî îñðåäíåíèÿ [1] ¾áûñò-
ðóþ¿ ïåðåìåííóþ ξ = x3/ε. Ñ÷èòàåì, ÷òî ôóíêöèÿ uk = uk(xl, ξ, t) ÿâëÿåòñÿ
ãëàäêîé è ïî ¾ìåäëåííûì¿ ïåðåìåííûì xl, è ïî ¾áûñòðîé¿ ïåðåìåííîé ξ, à â
òî÷êàõ ξ(s) = x(s)/ε ìîæåò òåðïåòü ðàçðûâû ïåðâîãî ðîäà. Êðîìå òîãî, ïî ξ îíà
ÿâëÿåòñÿ 1-ïåðèîäè÷åñêîé: [[ui]] = ui|ξ(s)+1/2−ui|ξ(s)−1/2 = 0. Ñ ó÷åòîì òàêîãî âû-
áîðà àðãóìåíòîâ è ïðàâèëà äèôôåðåíöèðîâàíèÿ ñëîæíîé ôóíêöèè, ïåðåïèøåì
ñèñòåìó íà ÿ÷åéêå ïåðèîäè÷íîñòè x(s) − 1/2 ≤ x3 ≤ x(s) + 1/2, −1/2 ≤ ξ ≤ 1/2.
Ïðè x3 6= x(s), ξ 6= 0 óðàâíåíèÿ èìåþò âèä

ε−2Ci3k3uk,ξξ + ε−1(Cijk3uk,jξ + Ci3kluk,lξ) + Cijkluk,lj − ρui,tt = 0

Èìååì òàêæå êîíòàêòíûå óñëîâèÿ ïðè x3 = x(s) , ξ = 0: ε−1C33k3uk,ξ +C33kluk,l <
0, [u3] = 0, [ε−1Ci3k3uk,ξ + Ci3kluk,l] = 0, ε−1Cγ3k3uk,ξ + Cγ3kluk,l = ε−1η[uγ,t] è
óñëîâèÿ 1-ïåðèîäè÷íîñòè: [[ui]] = ui|ξ+1/2 − ui|ξ−1/2 = 0. Ïðåäñòàâèì ñìåùåíèÿ
ñðåäû â âèäå ðÿäà ïî ñòåïåíÿì ìàëîãî ïàðàìåòðà ε: ui = wi(xk, t)+εu

(1)
i (xk, ξ, t)+

ε2u
(2)
i (xk, ξ, t) + ε3u

(3)
i (xk, ξ, t) + ....

Ââåäåì îïåðàöèþ ¾îñðåäíåíèÿ¿ 〈f〉 äëÿ ôóíêöèè ¾áûñòðîé¿ ïåðåìåííîé ξ,

êîòîðàÿ áóäåò ÷àñòî èñïîëüçîâàòüñÿ â äàëüíåéøåì: 〈f〉 =
1/2∫
−1/2

fdξ. Ïðèáëèæå-

íèÿ ñìåùåíèé äîëæíû óäîâëåòâîðÿòü äîïîëíèòåëüíîìó óñëîâèþ
〈
u

(n)
k

〉
= 0 [1].

Ïîäñòàâëÿÿ ýòî ïðåäñòàâëåíèå â óðàâíåíèÿ òåîðèè óïðóãîñòè è ïðèðàâíèâàÿ
ê íóëþ ÷ëåí ïðè îòðèöàòåëüíîé ñòåïåíè ε−1, ïîëó÷èì, ÷òî â ïåðâîì ïðèáëèæå-
íèè Ci3k3u

(1)
k,ξξ = 0 è ñèñòåìà óðàâíåíèé ïðèìåò âèä:

Cijklwk,jl + Cijk3u
(1)
k,jξ + (Ci3klu

(1)
k,l + Ci3k3u

(2)
k,ξ),ξ+

+ε
[
Cijklu

(1)
k,jl + Cijk3u

(2)
k,jξ + (Ci3klu

(2)
k,l + Ci3k3u

(3)
k,ξ),ξ

]
+
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+ε2
[
Cijklu

(2)
k,jl + Cijk3u

(3)
k,jξ + (Ci3klu

(3)
k,l + Ci3k3u

(4)
k,ξ),ξ

]
+ ... =

= ρwi,tt + ερu
(1)
i,tt + ε2ρu

(2)
i,tt + ...

Ðàçëîæåíèþ êîìïîíåíò ñìåùåíèé ñîîòâåòñòâóåò ðàçëîæåíèå êîìïîíåíò òåíçî-
ðà íàïðÿæåíèé: σij = σ

(0)
ij +εσ

(1)
ij +ε2σ

(2)
ij +..., ãäå σ

(n)
ij = Cijklu

(n)
k,l +Cijk3u

(n+1)
k,ξ (n =

0, 1, 2, ..). Âñå ïðèáëèæåíèÿ íàïðÿæåíèé ÿâëÿþòñÿ 1-ïåðèîäè÷åñêèìè ôóíêöèÿ-
ìè ξ. Â ÷àñòíîñòè, âûïîëíÿþòñÿ óñëîâèÿ [σ

(n)
i3 ] = 0, [[σ

(n)
i3 ]] = 0. Ëåãêî âèäåòü,

÷òî
〈
σ

(n)
i3 ,ξ

〉
= 0.

Âûâåäåì óòî÷íåííóþ òåîðèþ âòîðîãî ïîðÿäêà, äëÿ ýòîãî â ñèñòåìå óðàâíåíèé
óäåðæèì ÷ëåíû ïîðÿäêà ε2. Ïðèìåíÿÿ îïåðàöèþ îñðåäíåíèÿ ïî ÿ÷åéêå ïåðèî-
äè÷íîñòè 〈 〉 ê ñèñòåìå óðàâíåíèé, ïîëó÷èì èñêîìûé ðåçóëüòàò:

Cijklwk,jl + Cijk3

〈
u

(1)
k,ξ

〉
,j

+ εCijk3

〈
u

(2)
k,ξ

〉
,j

+ ε2Cijk3

〈
u

(3)
k,ξ

〉
,j

= ρwi,tt

Êàæäàÿ èç ôóíêöèé u
(n)
i (xk, ξ, t) (n = 1, 2, 3), íàõîäèòñÿ èç ñîîòâåòñòâóþùåé

¾çàäà÷è íà ÿ÷åéêå ïåðèîäè÷íîñòè¿ ïðè −1/2 ≤ ξ ≤ 1/2 [1,2]. Ýòè çàäà÷è ñôîð-
ìóëèðîâàíû è â îáùåì âèäå ðåøåíû â [2] ñ òî÷íîñòüþ äî íåêîòîðûõ ôóíêöèé,
êîòîðûå îïðåäåëÿþòñÿ èç óñëîâèé ïðîñêàëüçûâàíèÿ. Îïðåäåëèì ýòè ôóíêöèè
äëÿ óñëîâèé ëèíåéíîãî âÿçêîãî òðåíèÿ.

Ðåøåíèå çàäà÷è íà ÿ÷åéêå 1
Ðåøåíèå äëÿ ïåðâîãî ïðèáëèæåíèÿ êàñàòåëüíûõ ñìåùåíèé áóäåò âûãëÿäåòü

ñëåäóþùèì îáðàçîì [2]: u
(1)
γ = ϕγ(ξ − signξ/2). Ôóíêöèè ϕγ îïðåäåëÿþòñÿ èç

óñëîâèÿ íà ñêà÷îê êàñàòåëüíûõ ñêîðîñòåé η[u
(1)
γ,t ] = µ(wγ,3+w3,γ)+µu

(1)
γ,ξ, èç êîòî-

ðîãî ñëåäóåò äèôôåðåíöèàëüíîå óðàâíåíèå äëÿ ϕγ: ηϕγ,t + µϕγ = −τγ, ãäå τγ =

µ(wγ,3+w3,γ). Ó÷èòûâàÿ íà÷àëüíûå óñëîâèÿ, íàõîäèì ϕγ = −
t∫

0

τγe
−µ(t−t1)/ηdt1/η.

Óñðåäíåííûå ïðîèçâîäíûå èìåþò âèä:
〈
u

(1)
3,ξ

〉
= 0,

〈
u

(1)
γ,ξ

〉
= ϕγ.

Ðåøåíèå çàäà÷è íà ÿ÷åéêå 2
Äëÿ âûáðàííîãî óñëîâèÿ ïðîñêàëüçûâàíèÿ, êàê è â [2], ìîæíî ïîêàçàòü, ÷òî

ðåøåíèå äëÿ âòîðîãî ïðèáëèæåíèÿ êàñàòåëüíûõ ñìåùåíèé áóäåò âûãëÿäåòü ñëå-
äóþùèì îáðàçîì: u

(2)
γ = −ψγ(ξ

2 − ξsignξ + 1/6)/2, ψγ = ϕγ,3. Óñðåäíåííûå
ïðîèçâîäíûå ðàâíû íóëþ:

〈
u

(2)
3,ξ

〉
=

〈
u

(2)
γ,ξ

〉
= 0.

Ðåøåíèå çàäà÷è íà ÿ÷åéêå 3
Ðåøåíèå äëÿ òðåòüåãî ïðèáëèæåíèÿ êàñàòåëüíûõ ñìåùåíèé áóäåò âûãëÿäåòü

ñëåäóþùèì îáðàçîì [2]:
u

(3)
γ = χγ

(
ξ3/6− ξ2signξ/4 + bγξ + c±γ

)
,

[u
(3)
γ ] = χγ (1/12− bγ), c+

γ − c−γ = 1/12− bγ

χγ = −ϕγ,ll − (λ + µ)ϕβ,βγ/µ + 2ψγ,3 + (λ + µ)ψ3,γ/µ + ρϕγ,tt/µ

Ôóíêöèè bγ îïðåäåëÿþòñÿ èç óñëîâèÿ íà ñêà÷îê êàñàòåëüíûõ ñêîðîñòåé η[u
(3)
γ,t ] =

ηΩγ,t = µ(χγbγ−ψγ,3/12−ψ3,γ/12), ãäå Ωγ = χγ (1/12− bγ). Îòñþäà ñëåäóåò äèô-
ôåðåíöèàëüíîå óðàâíåíèå äëÿ Ωγ: ηΩγ,t+µΩγ = µgγ, ãäå gγ = (χγ−ψγ,3−ψ3,γ)/12.
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Äëÿ íóëåâûõ íà÷àëüíûõ óñëîâèé Ωγ =
t∫

0

µgγe
−µ(t−t1)/ηdt1/η. Óñðåäíåííûå ïðî-

èçâîäíûå èìåþò âèä:
〈
u

(3)
3,ξ

〉
= 0,

〈
u

(3)
γ,ξ

〉
= −Ωγ.

Â ðåçóëüòàòå óòî÷íåííàÿ ñèñòåìà óðàâíåíèé çàïèøåòñÿ òàê:
(λ + µ)wk,kγ + µwγ,kk + µϕγ,3 − ε2µΩγ,3 = ρwγ,tt

(λ + µ)wk,k3 + µw3,kk + µϕβ,β − ε2µΩβ,β = ρw3,tt

ϕγ = −
t∫

0

τγe
−µ(t−t1)/ηdt1/η, τγ = µ(wγ,3 + w3,γ), ψγ = ϕγ,3

χγ = −ϕγ,ll − (λ + µ)ϕβ,βγ/µ + 2ψγ,3 + (λ + µ)ψ3,γ/µ + ρϕγ,tt/µ

Ωγ =

t∫

0

µgγe
−µ(t−t1)/ηdt1/η, gγ = (χγ − ψγ,3 − ψ3,γ)/12

2. Óòî÷íåííàÿ ìîäåëü ñ íåëèíåéíîé âÿçêîñòüþ
Ðàññìîòðèì ñëó÷àé ïðîñêàëüçûâàíèÿ ìåæäó ñëîÿìè ñ óñëîâèÿìè íåëèíåéíîé

âÿçêîñòè. Ýòè óñëîâèÿ ìîæíî ñôîðìóëèðîâàòü ðàçëè÷íûìè ñïîñîáàìè. Âûáå-
ðåì óñëîâèÿ, ìîäåëèðóþùèå ÿâëåíèå âÿçêîïëàñòè÷íîñòè. Ïðè ýòîì ïðåäïîëà-
ãàåòñÿ, ÷òî äî êàêîãî-òî ïðåäåëüíîãî óðîâíÿ êàñàòåëüíûõ íàïðÿæåíèé σs íà
ìåæñëîéíûõ ãðàíèöàõ ïðîñêàëüçûâàíèÿ íå ïðîèñõîäèò, à ïðè ïðåâûøåíèè ýòî-
ãî óðîâíÿ ïîÿâëÿåòñÿ âîçìîæíîñòü âÿçêîãî ïðîñêàëüçûâàíèÿ. ×òîáû èçáåæàòü
ãðîìîçäêèõ âûêëàäîê âûáåðåì îòíîñèòåëüíî ïðîñòóþ ôîðìó òàêîãî óñëîâèÿ
ïðîñêàëüçûâàíèÿ: η[vγ]/ε = σγ3H (σβ3σβ3/σs

2 − 1). Çäåñü H(y) - ôóíêöèÿ Õýâè-
ñàéäà, H(y) = 0 ïðè y < 0, H(y) = 1 ïðè y ≥ 0. Îäíàêî ïðîöåäóðà ïîäñòàíîâ-
êè àñèìïòîòè÷åñêèõ ðàçëîæåíèé ñêîðîñòåé è íàïðÿæåíèé â ñèëüíî íåëèíåéíîå
(ðàçðûâíîå) óñëîâèå ïðîñêàëüçûâàíèÿ íå ÿâëÿåòñÿ êîððåêòíîé. Ïîýòîìó âèäî-
èçìåíèì ýòî óñëîâèå, ¾ðàçìàçàâ¿ ôóíêöèþ Õýâèñàéäà H(y) íà íåêîòîðóþ ¾ýô-
ôåêòèâíóþ¿ øèðèíó d: η[vγ]/ε = σγ3Hd (σβ3σβ3/σs

2 − 1) Çäåñü Hd(y) - ãëàäêàÿ
ôóíêöèÿ, Hd(y) → H(y) ïðè d → 0. Äëÿ îïðåäåëåííîñòè ïðèìåì êîíêðåòíîå
(îäíî èç âîçìîæíûõ) âûðàæåíèå äëÿ ýòîé ôóíêöèè:

Hd(y) = 1/2 + arctg (y/d) /π, H ′
d(y) =

1

πκ
, H ′′

d (y) = − y

πκ3
, κ =

√
d2 + y2

Ïîäñòàâèì ðàçëîæåíèÿ ñêîðîñòåé è íàïðÿæåíèé â óñëîâèå ïðîñêàëüçûâàíèÿ:

η
(
[v(1)

γ ] + ε[v(2)
γ ] + ε2[v(3)

γ ] + ...
)

=
(
σ

(0)
γ3 + εσ

(1)
γ3 + ε2σ

(2)
γ3 + ...

)
H1

ãäå
H1 = Hd

((
(σ

(0)
β3 + εσ

(1)
β3 + ε2σ

(2)
β3 )(σ

(0)
β3 + εσ

(1)
β3 + ε2σ

(2)
β3 )/σ2

s − 1
)

/d
)

Àðãóìåíò ôóíêöèè Hd ñ òî÷íîñòüþ äî ÷ëåíîâ ïîðÿäêà ε2 èìååò âèä:

y = ∆0 + ε
(
2σ

(0)
β3 σ

(1)
β3 /σ2

s

)
+ ε2

(
2σ

(0)
β3 σ

(2)
β3 + σ

(1)
β3 σ

(1)
β3

)
/σ2

s
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ãäå ∆0 = σ
(0)
β3 σ

(0)
β3 /σ2

s − 1. Ôóíêöèþ Hd(y/d) ðàçëîæèì â ðÿä Òåéëîðà â îêðåñò-
íîñòè çíà÷åíèÿ ∆0, îãðàíè÷èâàÿñü ÷ëåíàìè ïîðÿäêà ε2:

Hd = Hd (∆0/d)+ε
2σ

(0)
β3 σ

(1)
β3 /σ2

s

π
√

d2 + ∆0
2
+ε2




(
2σ

(0)
β3 σ

(2)
β3 + σ

(1)
β3 σ

(1)
β3

)

σ2
s

(
π
√

d2 + ∆0
2
) −

2∆0

(
σ

(0)
β3 σ

(1)
β3 /σ2

s

)2

π
√

(d2 + ∆0
2)3




Èç ýòîãî ðÿäà âèäíî, ÷òî äëÿ ñîõðàíåíèÿ ïîðÿäêîâ ÷ëåíîâ àñèìïòîòè÷åñêîãî
ðàçëîæåíèÿ â çîíå ïåðåõîäà ê âÿçêîïëàñòè÷íîñòè ∆0 ∼ ε, íåëüçÿ äîïóñêàòü
ìàëûõ çíà÷åíèé ïàðàìåòðà d, d ∼ O(1). Ñ ó÷åòîì ýòèõ ïðåäñòàâëåíèé óñëîâèÿ
ïðîñêàëüçûâàíèÿ ðàçëè÷íîãî ïîðÿäêà ïî ε çàïèøóòñÿ â âèäå

η[u
(1)
γ,t ] = σ

(0)
γ3 Hd (∆0/d)

η[u
(2)
γ,t ] = σ

(1)
γ3 Hd (∆0/d) + σ

(0)
γ3

(
2σ

(0)
β3 σ

(1)
β3 /σ2

s

)
/
(
π
√

d2 + ∆0
2
)

η[u
(3)
γ,t ] = σ

(2)
γ3 Hd (∆0/d) + σ

(1)
γ3

(
2σ

(0)
β3 σ

(1)
β3 /σ2

s

)
/
(
π
√

d2 + ∆0
2
)

+

+σ
(0)
γ3

((
2σ

(0)
β3 σ

(2)
β3 /σ2

s

)
/
(
π
√

d2 + ∆0
2
)
− 2∆0

(
σ

(0)
β3 σ

(1)
β3 /σ2

s

)2

/

(
π

√
(d2 + ∆0

2)
3
))

Ýòè óñëîâèÿ íàäî ââåñòè â çàäà÷è íà ÿ÷åéêå 1,2,3 èç ï. 1 âìåñòî óñëîâèé ëèíåé-
íîé âÿçêîñòè, îñòàëüíûå ñîîòíîøåíèÿ â ýòèõ çàäà÷àõ îñòàíóòñÿ íåèçìåííûìè.

Ðåøåíèå çàäà÷è íà ÿ÷åéêå 1
Óðàâíåíèå äëÿ ϕγ (ñì. ï.1) èìååò âèä: ϕγ,t = −σ

(0)
γ3 Hd(∆0/d)/η, σ

(0)
γ3 = µ(wγ,3 +

w3,γ) + µϕγ. Óñðåäíåííûå ïðîèçâîäíûå òàêîâû:
〈
u

(1)
γ,ξ

〉
= ϕγ,

〈
u

(1)
3,ξ

〉
= 0.

Ðåøåíèå çàäà÷è íà ÿ÷åéêå 2
Êàê è â ï.1, ìîæíî ïîêàçàòü, ÷òî óñðåäíåííûå ïðîèçâîäíûå ðàâíû íóëþ,〈

u
(2)
3,ξ

〉
= 0,

〈
u

(2)
γ,ξ

〉
= 0. Òàêæå ìîæíî îòìåòèòü, ÷òî ïðè ξ = 0 σ

(1)
γ3 = 0.

Ðåøåíèå çàäà÷è íà ÿ÷åéêå 3
Ñèñòåìà óðàâíåíèé äëÿ Ωγ èìååò âèä:

ηΩγ,t + µΩγHd (∆0/d) + σ
(0)
γ3

(
2µσ

(0)
β3 Ωβ/σ2

s

)
/
(
π
√

d2 + ∆0
2
)

=

= µgγHd (∆0/d) + σ
(0)
γ3

(
2µσ

(0)
β3 gβ/σ2

s

)
/
(
π
√

d2 + ∆0
2
)

Óñðåäíåííûå ïðîèçâîäíûå èìåþò âèä:
〈
u

(3)
γ,ξ

〉
= −Ωγ,

〈
u

(3)
3,ξ

〉
= 0. Îêîí÷àòåëüíî

óòî÷íåííàÿ ñèñòåìà óðàâíåíèé áóäåò âûãëÿäåòü ñëåäóþùèì îáðàçîì:
(λ + µ)wk,kγ + µwγ,kk + µϕγ,3 − ε2µΩγ,3 = ρwγ,tt

(λ + µ)wk,k3 + µw3,kk + µϕβ,β − ε2µΩβ,β = ρw3,tt

ϕγ,t = −σ
(0)
γ3 Hd(∆0/d)/η, σ

(0)
γ3 = µ(wγ,3 + w3,γ) + µϕγ

ηΩγ,t + µΩγHd (∆0/d) + σ
(0)
γ3

(
2µσ

(0)
β3 Ωβ/σ2

s

)
/
(
π
√

d2 + ∆0
2
)

=

= µgγHd (∆0/d) + σ
(0)
γ3

(
2µσ

(0)
β3 gβ/σ2

s

)
/
(
π
√

d2 + ∆0
2
)
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∆0 = σ
(0)
β3 σ

(0)
β3 /σ2

s − 1, ψγ = ϕγ,3, gγ = (χγ − ψγ,3 − ψ3,γ)/12

χγ = −ϕγ,ll − (λ + µ)ϕβ,βγ/µ + 2ψγ,3 + (λ + µ)ψ3,γ/µ + ρϕγ,tt/µ

Òàêèì îáðàçîì, è äëÿ ìîäåëè ñ íåëèíåéíîé âÿçêîñòüþ â ñèñòåìó óðàâíåíèé
äëÿ ñìåùåíèé wi(xk, t) âîøëè äîïîëíèòåëüíûå ôóíêöèè ϕγ è Ωγ. Äëÿ ýòèõ
ôóíêöèé ïîëó÷åíû íåëèíåéíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ. Âèä ýòèõ óðàâ-
íåíèé íàïðÿìóþ ñâÿçàí ñ âûáîðîì óñëîâèé íà êîíòàêòíûõ ãðàíèöàõ.
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