Inadequacy of the linear vector space formalism at metric approach to geometry

Yuri A. Rylov

Institute for Problems in Mechanics, Russian Academy of Sciences, 101-1, Vernadskii Ave., Moscow, 119526, Russia. e-mail: rylov@ipmnet.ru Web site: http : //rsfq1.physics.sunysb.edu/~rylov/yrylov.htm or mirror Web site:

http : //gasdyn − ipm.ipmnet.ru/~rylov/yrylov.htm

Abstract

It is shown that formalism of linear vector space is inadequate at the metric approach to geometry, when geometry is described completely in terms of the distance function d, or in terms of the world function σ = d^2/2. Operations of the linear vector space appear to be ambiguous, if they are introduced at the metric approach to geometry.

Key words: metric approach; deformation principle; discrete geometry; world function; geometry with indefinite dimension;

There are two approaches to geometry: (1) physical approach and (2) mathematical approach. At the physical approach the geometry is called the physical geometry. It is considered as a science on properties of space or on properties of space-time. The physical geometry can be formulated in a coordinateless form. The main objects of the physical geometry are points (events) of the space-time, space-time distances between the points and geometrical objects constructed of the space-time points. In particular, in the physical geometry the vector PQ is the ordered set {P, Q} of two points P, Q ∈ Ω, where Ω is the point set, where the geometry is given. The vector PQ will be referred to as the geometrical vector (g-vector).

At the mathematical approach the geometry is considered as an abstract logical construction where the vector u ∈ L_n is an element of linear vector space L_n. We shall refer to the mathematical approach to geometry as the mathematical geometry. There are operations of the linear vector space (summation of vectors and multiplication of a vector by a real number). These operations obey the linear vector space axioms. Generally speaking, vectors u ∈ L_n do not coincide with g-vectors of space-time, and we shall refer to vectors u ∈ L_n as linear vectors (linvectors). In the proper Euclidean geometry and in some other cases the linvectors can be identified with g-vectors. Then operations of the linear vector field L_n can be applied to g-vectors of Euclidean geometry and of the Minkowski geometry. In this case the mathematical geometry coincide with the physical geometry.

In the linear vector space (i.e. in the mathematical geometry) one can always introduce a coordinate system and decompose any vector along basic vectors of the coordinate system. In the physical geometry such a decomposition is not always possible.

Primordial meaning of geometry was physical. Euclid presented his geometry as a logical construction. He applied geometry for description of the real space properties, but he did not use a coordinate system, and he did not use linear vector space. Introduction of the coordinate system to the Euclidean geometry was conditioned by needs of classical mechanics. This circumstance generated application of the linear vector space in the physical geometry, i.e. in the science describing properties of the real space.

Thus, the mathematical geometry (i.e. the logical construction with its linear vector space) has been used for description of the real space. Thereafter one considered that the linear vector space is an attribute of the space-time geometry. Now the accepted viewpoint contains the statement, that the linear vector field can be introduced (maybe, locally) in any space-time geometry, and the space-time geometry is a mathematical geometry. In particular, the symplectic geometry, which has nothing to do with the space-time geometry, is considered nevertheless as a geometry (mathematical), because its formalism coincides with the formalism of the Euclidean geometry in the coordinate presentation (one can introduce linear vector space in the symplectic geometry).

In this paper we investigate at which conditions one can introduce linear vector space in the space-time geometry. Or at which conditions can one use the mathematical geometry in description of the space-time?Any generalized geometry G is some generalization of the proper Euclidean geometry G_E. We are interested only in physical geometries, which enable to describe the space-time geometry. The physical geometry is described in the framework of the metric approach to geometry, when the point set Ω of space-time points (events) is described completely by the distance function d (P, Q), P, Q ∈ Ω, or by the world function σ =^1_2 d^2. The distance d can be imaginary for a spacelike distance between the points P, Q ∈ Ω, whereas the world function σ is always real.

The Euclidean geometry is a degenerate geometry in the sense that a generalized geometry G may have such properties, which are absent in the proper Euclidean geometry G_E. For instance, the straight line segment T_{[P Q]} between the points P, Q may be not one-dimensional in G, although it is always one-dimensional in G_E. Besides, equality of two vectors PQ and RS may be multivariant. It means that at the point P there are many vectors PQ, PQ^′, PQ^{′′},... which are equivalent to the vector RS at the point R, but vectors PQ, PQ^′, PQ^{′′},...are not equivalent between themselves.

The way of generalization of G_E depends on the way of representation of G_E [1].

As far as the generalized geometry may be discrete, one should use for generalization only σ-representation of G_E, when the proper Euclidean geometry G_E is considered as a physical geometry, i.e. it is described in terms and only in terms of the Euclidean world function σ_E. It is necessary because G_E and a discrete geometry G_d have a unique common concept: the distance.

The physical geometry G = {σ, Ω} is defined on arbitrary point set Ω, where σ is a single-valued function, defined as

σ : Ω × Ω → R, σ (P, Q) = σ (Q, P ) , σ (P, P ) = 0, ∀P, Q ∈ Ω (1)

The discrete geometry G_d is restricted by the relation

|d (P, Q)| ≡ | | √ 2σ_d (P, Q) | | /∈ (0, λ0) , ∀P, Q ∈ Ω (2)

where λ_0 > 0 is the elementary length, which is a parameter of G_d. The restriction (2) is condition on world function σ_d (not on the set Ω, which is an arbitrary set of points). In particular, the discrete geometry G_d = {σ_d, Ω_M} can be given on the point set Ω_M, where the geometry of Minkowski G_M = {σ_M, Ω_M} is given. The geometry G_d is obtained from G_E by a replacement of the Euclidean world function σ_E by the world function σ_d in all definitions of the geometry G_E written in terms of the σ_E.

The condition (2) is satisfied, if σ_d is taken, for instance, in the form

σ_d = σ_M + λ^2_0 2 sgn (σ_M) (3)

where σ_M is the world function of the Minkowski geometry G_M and

sgn (x) =

1 if x > 1 0 if x = 0 −1 if x < 1 (4)

The point set Ω_d is the same as in G_M.

In G_E one uses the formalism of the linear vector space L_n. A vector u ∈ L_n is some abstract quantity, which is defined by its properties. In L_n operations of summation of vectors and multiplication of a vector by a real number are defined

(u + v) ∈ L_n, if u ∈ L_n, v ∈ L_n

au ∈ L_n, if u ∈ L_n, a ∈ R

In L_n any vector exists in one copy. There is no equivalent vectors in L_n. In the proper Euclidean geometry G_E = {σ_E, Ω_E} there are many equivalent vectors, because in G_E vector PQ = {P, Q} is the ordered set of two points P and Q. As far as vectors in L_n and in G_E have different properties, we shall use different names for them. Vector u ∈ L_n will be referred to as linear vector (linvector), and vector PQ ∈ Ω × Ω will be referred to as a geometrical vector (g-vector).

Two g-vectors PQ and RS are equivalent (PQeqvRS), if their lengths are equal and they are in parallel (PQ ⇈ RS)

(PQ ⇈ RS) : (PQ.RS) = |PQ| · |RS| (5)

Here (PQ.RS) is the scalar product of two g-vectors PQ and RS, defined in terms of the world function in the form

(PQ.RS) = σ (P, S) + σ (Q, R) − σ (P, R) − σ (Q, S) (6)

The length |PQ| of the vector PQ is defined by the relation

|PQ| = √ 2σ (P, Q) (7)

Thus, the g-vectors PQ and RS are equivalent, if

(PQeqvRS) : (PQ.RS) = |PQ| · |RS| ∧ |PQ| = |RS| (8)

Let Ω_{AB} ⊂ Ω × Ω be the set of all g-vectors CD ∈ Ω_{AB} ⊂ Ω × Ω, which are equivalent (equal) to g-vector AB. In G_E all g-vectors belonging to Ω_{AB} are equivalent between themselves, and the set Ω_{AB} is an equivalence class [AB] of the g-vector AB. Linvectors of L_n can be mapped onto equivalence classes of g-vectors of Ω×Ω. Operations of L_n can be used for construction of the geometrical formalism in G_E. The equivalence relation is transitive in G_E, and it is a reason, why the set Ω_{AB} of g-vectors, which are eqivalent to g-vector AB, forms the equivalence class [AB].

In the discrete geometry (3) the equivalence relation is intransitive, and the set Ω_{AB} contains g-vectors, which are not equivalent between themselves. In this case the equivalence of two vectors is multivariant, and the set Ω_{AB} of g-vectors, which are equivalent to g-vector AB, does not form the equivalence class [AB].

Formally one can define the operation of summation of g-vectors in G_d, but it will be ambiguous. Indeed, the sum AC of two g-vectors AB and BC, when the end of one g-vector is the origin of other one, is defined as follows

AB + BC = AC (9)

The sum AD_1 of two arbitrary g-vectors AB and CD at the point A is defined as follows AB + CD = AB + BD_1 = AD_1, (CDeqvBD_1) (10)

The g-vector AD_1 is defined by relation (10) ambiguously, because the g-vector BD_1 is determined ambiguously by the equivalence relation (CDeqvBD_1).

The g-vector AC =aAB, which is a result of multiplication of g-vector AB by a real number a is defined by the relations

aAB = AC, |AC| = a |AB| , (AB.AC) = a |AB|^2 (11)

Result of multiplication is ambiguous, because, generally speaking, the system of two last equations (11) has no unique solution in G_d. In the Euclidean geometry G_E operations (10) and (11) are defined uniquely.

Thus, formalism of the linear vector space L_n is inadequate in the discrete geometry G_d. This formalism is inadequate in any physical geometry, where the equivalence relation of two g-vectors is intransitive. For instance, in the Riemannian geometry presented in the form of a physical geometry the equivalence of two g-vectors AB and CD is multivariant, generally speaking. But the equivalence relation is singlevariant, if the origin points A and C coincide (A = C). This property is well known as an absence of fern-parallelism in the Riemannian geometry. Usually one tries to suppress the multivariance by additional restriction, generated by the parallel transport. But multivariance of the equivalence relation is a natural property of the Riemannian geometry, and it is hardly reasonable to suppress this multivariance artificially.

Now about terminology. Some mathematicians states that the equivalence relation is transitive by definition, and one may not use the term ”equivalence relation” for the relation defined by formulas (8). They say: ”One should use another term, the term equivalence is busy.” Let we follow this advice and use the term ”intrequivalence” for the relation between g-vectors, defined by (8). Then in G_E, which is a special case of physical geometry, the intr-equivalence turns to transitive equivalence. It means that the transitive equivalence is a special case of intr-equivalence. As far as ”intr-equivalence” appears to be a more general concept, than transitive equivalence, one should replace the terms. One should use the shorter term ”equivalence” in general case, when the equivalence relation is intransitive, generally speaking, and the longer term ”transitive equivalence” should be used in that special case, when the equivalence is transitive. The demand, that the equivalence relation is transitive by definition is conditioned by the fact, that mathematicians dealed before only with the transitive equivalence relation. They believed that equivalence cannot be intransitive.

However, the definition of the g-vector equivalence in the form of (8) is valid in any physical geometry and, in particular, in the discrete space-time geometry G_d = {σ_d, Ω_M}, where the world function (3) is given on the manifold of Minkowski Ω_M. The discrete space-time geometry G_d describes the real space-time geometry in microcosm better, than the Riemannian geometry does. But the discrete geometry cannot be constructed on the basis of the linear vector space formalism. The discrete geometry G_d (and other physical geometries) is constructed by means of the deformation principle [3]. The discrete geometry is obtained as a deformation of the Euclidean geometry G_E = {σ_E, Ω}. It means that the world function σ_E is replaced in all definitions of G_E written in terms of Euclidean world function σ_E by the world function of G_d. These definitions are definitions of geometrical objects and general geometric concepts.

For instance, in G_E the definition of the straight segment T_{[P0P1]} between the points P_0 and P_1 has the form

T_{[P0P1]} = { R| √ 2σ (P_0, R) + √ 2σ (R, P_1) − √ 2σ (P_0, P_1) = 0 } (12)

where σ = σ_E. In G_d the straight segment T_{[P0P1]} is described by the same relation (12), but now σ = σ_d. The deformation principle admits one to recognize the same geometrical object in different geometries (at different world functions). It is very important in the space-time geometry, where different regions have different geometries which are described by different world functions. Without the deformation principle such a recognition is impossible. For instance, using the metrical approach and constructing the distance geometry, Blumenthal [4] had not the deformation principle. He can construct a curve only as a continuous mapping [0, 1] → Ω. Such a construction of a curve cannot be used in a discrete geometry. Besides, he used the concept of mapping which is not defined at the consequent metric approach, when the geometry is described in terms of distance and only in terms of distance.

In the Euclidean geometry G_E there are general geometrical concepts, which can be formulated in terms of σ_E. Besides, there are relations describing special Euclidean properties of the Euclidean world function σ_E. Such concepts as equivalence of vectors, scalar product of vectors, linear dependence of vectors are general geometric concepts, which can be formulated in terms of σ_E. These concepts can formulated in the same form in the discrete geometry after replacement of σ_E by σ_d. However, such concepts as a dimension of the geometry and coordinate system contains special properties of the Euclidean world function σ_E. The cannot be used in the discrete geometry and other physical geometry. For instance, in the discrete geometry (3) the dimension as a maximal number of linear independent vectors cannot be introduced.

Geometry without of a definite dimension looks rather unexpected, because dimension and a coordinate system are considered as axiomatic quantities. Construction of the Riemannian geometry begins with introduction of a manifold and a coordinate system of definite dimension on it. One does not discuss the question, whether or not an introduction of a coordinate system of definite dimension is possible. The metric approach and the deformation principle admit an introduction of coordinateless formulation of the geometry. It is a worth of the metric approach, which is not used usually in investigation of the space-time geometry. As a result the investigation of the discrete space-time geometry was not developed. The case, when condition of discreteness (2) is considered as a restriction on the properties of the point set Ω leads to a geometry on a lattice, which can hardly be considered as a valuable discrete geometry, especially in its application to the space-time geometry.

Let us formulate general geometric properties of the Euclidean geometry G_E. The scalar product of two g-vectors is defined by (6). Equivalence of two g-vectors is defined by (8).

n g-vectors P_0P_1, P_0P_2, ...P_0P_n are linear dependent, if and only if the Gram determinant

F_n (P_n) = det ||(P_0P_i.P_0P_k)|| , i, k = 1, 2, ...n, P_n ≡ {P_0, P_2, ...P_n} (13) vanishes F_n (P_n) = 0 (14)

The special relations of the n-dimensional proper Euclidean geometry have the form [2]:

I. Definition of the metric dimension:

∃P_n ≡ {P_0, P_1, ...P_n} ⊂ Ω, F_n (P_n) ≠ 0, F_k ( Ω^{k+1} ) = 0, k > n (15)

where F_n (P_n) is the n-th order Gram’s determinant (13). g-vectors P_0P_i, i = 1, 2, ...n are basic g-vectors of the rectilinear coordinate system K_n with the origin at the point P_0. The covariant coordinates of the point P in the coordinate system K_n are defined by the relation

x_i (P ) = (P_0P_i.P_0P) , i = 1, 2, ...n (16)

The metric tensors g_{ik} (P_n) and g^{ik} (P_n), i, k = 1, 2, ...n in K_n are defined by the relations

k=n∑ k=1 g^{ik} (P_n) g_{lk} (P_n) = δ^i_l, g_{il} (P_n) = (P_0P_i.P_0P_l) , i, l = 1, 2, ...n (17)

II. Linear structure of the Euclidean space:

σ_E (P, Q) = 1 2 i,k=n∑

i,k=1

g^{ik} (P_n) (x_i (P ) − x_i (Q)) (x_k (P ) − x_k (Q)) , ∀P, Q ∈ Ω

(18) where coordinates x_i (P ) , x_i (Q) , i = 1, 2, ...n of the points P and Q are covariant coordinates of the g-vectors P_0P, P_0Q respectively in the coordinate system K.

III: The metric tensor matrix g_{lk} (P^n) has only positive eigenvalues g_k

g_k > 0, k = 1, 2, ..., n (19)

IV. The continuity condition: the system of equations

(P_0P_i.P_0P) = y_i ∈ R, i = 1, 2, ...n (20)

considered to be equations for determination of the point P as a function of coordinates y = {y_i}, i = 1, 2, ...n has always one and only one solution. Conditions I – IV contain a reference to the dimension n of the Euclidean space, which is defined by the relations (15).

Special relations of the proper Euclidean geometry G_E may be not valid for other physical geometries. In some cases these relations may used partly. For instance, the metric dimension may be defined locally. Instead of constraint (15) one uses the condition

∀P_0 ∈ δΩ, ∃P_n ≡ {P_0, P_1, ...P_n} ⊂ δΩ, F_n (P_n) ≠ 0, F_k (P_k) = 0, k > n (21) where δΩ is a infinitesimal region δΩ ⊂ Ω, and all skeletons P_n contain only infinitely close points. The conditions (21) determine the metric dimension for locally flat (Riemannian) geometry.

Applications of the discrete geometry to a description of the space-time geometry has been developed since beginning of ninetieth of the twentieth century [5]-[16]. As a result one succeeded to create a unite formalism for description of the continuous space-time geometry and of the discrete one.

Consideration of the physical geometry [2] is important for its application to the space-time geometry, which appears to be a discrete geometry in microcosm. Elementary length λ_0, which is a parameter of the space-time geometry, is connected with the quantum constant ℏ. This fact admits one to explain motion of quantum particles as a motion of classical particles in the discrete space-time geometry [16]. This motion appears to be stochastic. It is especially unexpected in application to tachyons. It appears that tachyons may exist, however the tachyon world line wobbles with infinite amplitude. As a result of this wobbling a single tachyon cannot be detected, but the tachyon gas can be detected by its gravitational field. Existence of the tachyon gas may explain the cosmological problem of dark matter [17]. A use of non-Riemannian geometry for description of cosmos admits one to expand the general relativity to a wider class of space-time geometries.

References

[1] Yu. A. Rylov, Different conceptions of Euclidean geometry and their application to the space-time geometry e-print 0709.2755v4

[2] Yu.A.Rylov, Geometry without topology as a new conception of geometry.

Int. Jour. Mat. & Mat. Sci. 30, iss. 12, 733-760, (2002), (see also ArXiv: math.MG/0103002 ).

[3] Yu. A.Rylov, Non-Euclidean method of the generalized geometry construction and its application to space-time geometry. in Pure and Applied Differential geometry pp.238-246. eds. Franki Dillen and Ignace Van de Woestyne. Shaker Verlag, Aachen, 2007. See also ArXiv: /Math.GM/0702552

[4] L. M. Blumenthal, Theory and Applications of Distance Geometry, Oxford, Clarendon Press, 1953.

[5] Yu.A.Rylov, Non-Riemannian model of the space-time responsible for quantum effects. Journ. Math. Phys. 32(8), 2092-2098, (1991).

[6] Yu. A.Rylov, Deformation principle as a foundations of physical geometry and its application to the space-time geometry. Hypercomplex numbers in physics and geometry 2, 69-96, (2004). See also ArXiv: /physics/0411103)

[7] Yu. A.Rylov, New crisis in geometry? ArXiv: /math.GM/0503261

[8] Yu. A.Rylov, Deformation principle and further geometrization of physics.

ArXiv: /0704.3003

[9] Yu. A.Rylov, Discrimination of particle masses in multivariant space-time geometry. ArXiv: /0712.1335

[10] Yu. A.Rylov, Multivariance as a crucial property of microcosm Concepts of Physics 6, iss.1, 89 -117, (2009). ISSN1897-2357. See also ArXiv: /0806.1716.

[11] Yu. A.Rylov, Some subtleties of Riemannian geometry ArXiv: /0812.2833

[12] Yu. A.Rylov, General relativity extended to non-Riemannian space-time geometry. ArXiv: /0910.3582v7

[13] Yu. A.Rylov, Induced antigravitation in the extended general relativity . Gravitation and Cosmology, Vol. 18, No. 2, pp. 107–112,( 2012).

[14] Yu. A.Rylov, Discriminating properties of compactification in discrete uniform isotropic space-time. ArXiv: /0809.2516v2

[15] Yu. A.Rylov, Physics geometrization in microcosm: discrete space-time and relativity theory (Review in Russian) Hypercomplex numbers in physics and geometry 8, iss. 2 (16), pp.88-117 (2011). See also ArXiv: /1006.1254v2

[16] Yu.A. Rylov, Discrete space-time geometry and skeleton conception of particle dynamics. Int. J. Theor Phys. 51, Issue 6, pp. 1847-1865 (2012), see also ArXiv: 1110.3399v1

[17] Yu. A.Rylov, Dynamic equations for tachyon gas. Submitted to Int. J. Theor.

Phys.