Ňěšřĺůěśłőě ŕřőśšřăŋśšćő: łńăśśĺťĺłăűĺ£ łőŋěůŋżţ ŕőďŕřőśšřăŋśšć ćňěśšő őčřăŋĺůěŋĺľ ŋă ňěšřĺłş

đ.Ă. Řżńőć

Ĺŋśšĺšşš ŕřőąńěň ňěţăŋĺłĺ ŘĂŊ, 117526, Ňőśłćă, ŕř. Ćěřŋăďśłőčő 101-1

ŞĎŁ 514.13 Łń¿ůěćżě śńőćă: ňěšřĺłă, ňĺřőćă£ ťşŋłűĺ£, šřşąłă

Metric Space: Classification of Finite Subspaces instead of Constraints on Metric

Yuri A. Rylov

Institute for Problems in Mechanics, Russian Academy of Sciences 101-1, Vernadskii Ave., Moscow, 117526, Russia

Abstract

Ŕřěďńăčăěšś£ ŋőćżľ ňěšőď ĺśśńěďőćăŋĺ£ ňěšřĺůěśłőčő ŕřőśšřăŋśšćă, őśŋőćăŋŋżľ ŋă łńăśśĺťĺłăűĺĺ ěčő łőŋěůŋżţ ŕőďŕřőśšřăŋśšć. Őŋ ŕőğćőń£ěš ĺğćńěůĳ ĺğ ňěšřĺłĺ ğăÿĺťřőćăŋŋş¿ ć ŋěľ ĺŋťőřňăűĺ¿ ő śćőľśšćăţ ňěšřĺůěśłőčő ŕřőśšřăŋśšćă ĺ őŕĺśżćăšĳ čěőňěšřĺ¿ ć šěřňĺŋăţ őďŋőľ šőńĳłő ňěšřĺłĺ. Ŕřěďńăčăěňżľ ňěšőď ŕőğćőń£ěš őšłăğăšĳś£ őš őčřăŋĺůěŋĺľ, ŋăńăčăěňżţ őążůŋő ŋă ňěšřĺłş (ăłśĺőňă šřěşčőńĳŋĺłă ĺ ŋěőšřĺűăšěńĳŋőśšĳ łćăďřăšă ňěšřĺłĺ) ĺ ĺśŕőńĳğőćăšĳ ňěšřĺůěśłőě ŕřőśšřăŋśšćő ďń£ őŕĺśăŋĺ£ ŕřőśšřăŋśšćă-ćřěňěŋĺ ĺ ďřşčĺţ čěőňěšřĺľ ś ĺŋďěťĺŋĺšŋőľ ňěšřĺłőľ.

1 Ććěďěŋĺě

Ŕşśšĳ M = {ρ, ˙} ěśšĳ ňěšřĺůěśłőě ŕřőśšřăŋśšćő, čďě ˙ ěśšĳ ňŋőęěśšćő šőůěł, ă ρ ěśšĳ ňěšřĺłă, š.ě.

ρ : ˙ × ˙ → [0, ∞) ⊂ R (1.1) ρ(P, P ) = 0, ρ(P, Q) = ρ(Q, P ), ∀P, Q ∈ ˙ (1.2) ρ(P, Q) ≥ 0, ρ(P, Q) = 0, ěśńĺ ĺ šőńĳłő ěśńĺ P = Q, ∀P, Q ∈ ˙ (1.3) ρ(P, Q) + ρ(Q, R) ≥ ρ(P, R), ∀P, Q, R ∈ ˙ (1.4) Őŕřěďěńěŋĺě 1.1 Ňěšřĺůěśłĺň ŕőďŕřőśšřăŋśšćőň M^′ = {ρ^′, ˙^′} ňěšřĺůěśłőčő ŕřőśšřăŋśšćă M = {ρ, ˙} ŋăğżćăěšś£ ń¿ąőě ŕőďňŋőęěśšćő ˙^′ ⊂˙ šőůěł ňěšřĺůěśłőčő ŕřőśšřăŋśšćă M = {ρ, ˙}, śŋăąęěŋŋőě šőľ ęě ňěšřĺłőľ ρ^′, £ćń£¿źěľś£ śşęěŋĺěň ρ|_Ω0_{×Ω}0 ŋă ňŋőęěśšćő ˙^{′2} = ˙^′ ×˙^′ őšőąřăęěŋĺ£ (1.1).

Ńěčłő ćĺďěšĳ, ůšő ňěšřĺůěśłőě ŕőďŕřőśšřăŋśšćő M^′ = {ρ^′, ˙^′} £ćń£ěšś£ ňěšřĺůěśłĺň ŕřőśšřăŋśšćőň.

Őŕřěďěńěŋĺě 1.2 Ňěšřĺůěśłőě ŕřőśšřăŋśšćő M_n(P^n) = {ρ, P^n} ŋăğżćăěšś£ łőŋěůŋżň ěśńĺ őŋő śőśšőĺš ĺğ łőŋěůŋőčő ůĺśńă šőůěł P^n ≡ {P_i}, i = 0, 1, . . . n.

Őŕřěďěńěŋĺě 1.3 Łőŋěůŋőě ňěšřĺůěśłőě ŕřőśšřăŋśšćő M_n(P^n) = {ρ, P^n} ŋăğżćăěšś£ őřĺěŋšĺřőćăŋŋżň −−−−−→ M_n(P^n), ěśńĺ ğăďăŋ ŕőř£ďőł ěčő šőůěł P^n = {P_0, P_1, . . . P_n}. Őŕřěďěńěŋĺě 1.4 Őřĺěŋšĺřőćăŋŋőě łőŋěůŋőě ŕőďŕřőśšřăŋśšćő −−−−−→M_n(P^n) ňěšřĺůěśłőčő ŕřőśšřăŋśšćă M = {ρ, ˙}, ŋăğżćăěšś£ ňşńĳšĺćěłšőřőň ĺ őąőğŋăůăěšś£ ŕőśřěďśšćőň −−−−−→ M_n(P^n) ≡ −→P^n ≡ −−−−−−−−−−→ {P_0, P_1, . . . P_n} Őŕřěďěńěŋĺě 1.5 Őŕĺśăŋĺě ŋăğżćăěšś£ σ-ĺňňăŋěŋšŋżň, ěśńĺ őŋő ŋě śőďěřęĺš śśżńőł ŋă őąžěłšż ĺ ŕőŋ£šĺ£ őšńĺůŋżě őš ŕőďŕřőśšřăŋśšć ňěšřĺůěśłőčő ŕřőśšřăŋśšćă ĺ ěčő ňěšřĺłĺ.

σ-ĺňňăŋěŋšŋőśšĳ őŕĺśăŋĺ£ őğŋăůăěš, ůšő őŋő ĺňňăŋěŋšŋő ňěšřĺůěśłőňş ŕřőśšřăŋśšćş ĺ ŕřőĺğćőďĺšś£ ć šěřňĺŋăţ ěčő ňěšřĺłĺ ĺ ŕőďŕřőśšřăŋśšć. Ŕřĺśšăćłă "σ" ăśśőűĺĺřşěšś£ ś ňĺřőćőľ ťşŋłűĺěľ σ, łőšőřă£ ść£ğăŋă ś ňěšřĺłőľ ś ŕőňőźĳ¿ śőőšŋőÿěŋĺ£ σ = ρ^2/2. Ŋăğćăŋĺě "ňĺřőćă£ ťşŋłűĺ£" ążńő ŕřěďńőęěŋő Śĺŋčőň [1], łőšőřżľ ććěń ěě ďń£ őŕĺśăŋĺ£ řĺňăŋőćă ŕřőśšřăŋśšćă ĺ ÿĺřőłő ĺśŕőńĳğőćăń ďń£ őŕĺśăŋĺ£ čěőňěšřĺĺ ŕřőśšřăŋśšćă-ćřěňěŋĺ. Ĺśŕőńĳğőćăŋĺě ňĺřőćőľ ťşŋłűĺĺ σ ćňěśšő ňěšřĺłĺ ρ ĺŋőčďă őłăğżćăěšś£ ąőńěě şďőąŋżň.

Łřăšůăľÿă£ (ńĺŋĺ£), śőěďĺŋ£¿źă£ ďćě ŕřőĺğćőńĳŋżě šőůłĺ P, Q ∈ ˙, ěśšĳ őśŋőćŋőľ čěőňěšřĺůěśłĺľ őąžěłš [2], łőšőřżľ őążůŋő śšřőĺšś£ ć ňěšřĺůěśłőň ŕřőśšřăŋśšćě {ρ, ˙}. Ĺğ őšřěğłőć łřăšůăľÿěľ ňőęŋő śłőŋśšřşĺřőćăšĳ şčőń, šřěşčőńĳŋĺł ĺ řăğńĺůŋżě ňŋőčőşčőńĳŋĺłĺ. Ŕőśšřőěŋĺě ďćşňěřŋżţ ĺ šřěţňěřŋżţ ŕńőśłőśšěľ ć ňěšřĺůěśłőň ŕřőśšřăŋśšćě ŕřőąńěňăšĺůŋő. Ćő ćś£łőň śńşůăě ŋěĺğćěśšŋő, łăł ňőęŋő ążńő ąż śďěńăšĳ ¡šő ďń£ ŕřőĺğćőńĳŋőčő ňěšřĺůěśłőčő ŕřőśšřăŋśšćă, ĺśŕőńĳğş£ łřăšůăľÿş¿ łăł čńăćŋżľ čěőňěšřĺůěśłĺľ őąžěłš. İšő ďăěš ŕőćőď śůĺšăšĳ, ůšő ňěšřĺůěśłă£ čěőňěšřĺ£, š.ě. čěőňěšřĺ£, ŕőřőęďăěňă£ ňěšřĺůěśłĺň ŕřőśšřăŋśšćőň, £ćń£ěšś£ ňěŋěě śőďěřęăšěńĳŋőľ, ůěň čěőňěšřĺ£ ěćłńĺďőćă ŕřőśšřăŋśšćă, čďě šăłĺě őąžěłšż łăł ďćşňěřŋă£ ĺ šřěţňěřŋă£ ŕńőśłőśšĺ śšřő£šś£ ąěğ ćś£łĺţ ŕřőąńěň. Ŋă śăňőň ďěńě ¡šő ŋě šăł. Ć řăňłăţ ňěšřĺůěśłőľ čěőňěšřĺĺ ňőęŋő ŕőśšřőĺšĳ ŕőůšĺ ćśě čěőňěšřĺůěśłĺě őąžěłšż, łăłĺě ňőęŋő ŕőśšřőĺšĳ ć ěćłńĺďőćőľ čěőňěšřĺĺ, ćłń¿ůă£ n-ňěřŋżě ŕńőśłőśšĺ. Ŋşęŋő šőńĳłő ĺśŕőńĳğőćăšĳ ąőńěě ¡ťťěłšĺćŋżľ ňěšőď őŕĺśŋĺ£ ňěšřĺůěśłőčő ŕřőśšřăŋśšćă, ůěň ňěšőď, őśŋőćăŋŋżľ ŋă ĺśŕőńĳğőćăŋĺĺ łřăšůăľÿěľ.

Ŕşśšĳ P^n = {P_0, P_1, . . . , P_n} ⊂ ˙, ěśšĳ ňŋőęěśšćő ĺğ n + 1 šőůěł P_i ∈ ˙, (n = 1, 2, . . .) ć D-ňěřŋőň ěćłńĺďőćőň ŕřőśšřăŋśšćě ˙ = R^D, (D > n). Ŕşśšĳ ρ ěśšĳ ěćłńĺďőćă ňěšřĺłă ć R^D. Řăśśňőšřĺň (n + 1)-¡ďř ś ćěřÿĺŋăňĺ ć šőůłăţ P^n. Ěčő őąžěň S_n(P^n) ňőęěš ążšĳ ŕřěďśšăćńěŋ ć σ-ĺňňăŋěŋšŋőľ ťőřňě

S_n(P^n) = 1 n! √ F_n (P^n), (1.5)

F_n (P^n) = det || (P_0P_i.P_0P_k) ||, P_0, P_i, P_k ∈ ˙, i, k = 1, 2, ...n (1.6)

(P_0P_i.P_0P_k) ≡ ` (P_0, P_i, P_k ) ≡ σ (P_0, P_i)+σ (P_0, P_k )−σ (P_i, P_k) , i, k = 1, 2, ...n. (1.7) σ(P, Q) ≡ 1 2 ρ^2(P, Q), ∀P, Q ∈ ˙, (1.8) čďě P_0P_i, i = 1, 2, . . . n cşšĳ n ćěłšőřőć ěćłńĺďőćă ŕřőśšřăŋśšćă. Ěśńĺ ¡šĺ n ćěłšőřőć ńĺŋěľŋő ŋěğăćĺśĺňż, šő őąžěň S_n(P^n) (n + 1)-¡ďřă őšńĺůěŋ őš ŋşń£. Ěśńĺ őŋĺ ńĺŋěľŋő ğăćĺśĺňż, šő S_n(P^n) = 0. Ć śĺńş (1.5)-(1.8) şśńőćĺě őąřăźěŋĺ£ ć ŋşńĳ F_n (P^n) £ćń£ěšś£ σ-ĺňňăŋěŋšŋżň łřĺšěřĺěň ńĺŋěľŋőľ ğăćĺśĺňőśšĺ ćěłšőřőć P_0P_i, i = 1, 2, . . . n.

Ğŋăůěŋĺě σ-ĺňňăŋěŋšŋőľ ťşŋłűĺĺ F_n (P^n) šőůěł P^n ňőęěš śńşęĺšĳ łřĺšěřĺěň "ńĺŋěľŋőľ ŋěğăćĺśĺňőśšĺ ćěłšőřőć" ďăęě ć šőň śńşůăě, łőčďă ŋěńĳğ£ ććěśšĺ ńĺŋěľŋőě ćěłšőřŋőě ŕřőśšřăŋśšćő ĺ őŕřěďěńĺšĳ ůěřěğ ŋěčő ŕőŋ£šĺě ńĺŋěľŋőľ ŋěğăćĺśĺňőśšĺ. İšő ŕőłăğżćăěš, ůšő ŕőŋ£šĺě ńĺŋěľŋőľ ŋěğăćĺśĺňőśšĺ ěśšĳ ŋă śăňőň ďěńě ŋěůšő ąőńěě ťşŋďăňěŋšăńĳŋőě, ůěň ŕřőśšő ăšřĺąşš ńĺŋěľŋőčő ćěłšőřŋőčő ŕřőśšřăŋśšćă. Ŕő śşźěśšćş, ćěńĺůĺŋă F_n (P^n) ěśšĳ ţăřăłšěřĺśšĺłă (n + 1)-šőůěůŋőčő ňěšřĺůěśłőčő ŕřőśšřăŋśšćă M_n = {ρ, P^n}, ćőğŋĺłă- ¿źă£ ŕřĺ őšőęďěśšćńěŋĺĺ ćěńĺůĺŋż √ F_n (P^n) ś ďńĺŋőľ |M_n| ≡ |P^n| łőŋěůŋőčő ňěšřĺůěśłőčő ŕřőśšřăŋśšćă M_n = {ρ, P^n}.

Ŕşśšĳ n ćěłšőřőć P_0P_i, (i = 1, 2, . . . n) ńĺŋěľŋő ŋěğăćĺśĺňż. Šőčďă F_n (P^n) ≠ 0. Ŕőśšřőĺň ńĺŋěľŋş¿ őąőńőůłş ćěłšőřőć P_0P_i, i = 1, 2, . . . n, śőśšő£źş¿ ĺğ ćěłšőřőć P_0R. Šőčďă n + 2 ćěłšőřőć P_0P_i, (i = 1, 2, . . . n), P_0R ńĺŋěľŋő ğăćĺśĺňż, ĺ šőůłă R şďőćńěšćőř£ěš σ-ĺňňăŋěŋšŋőňş śőőšŋőÿěŋĺ¿ F_{n+1} (P^n, R) = 0. Ňŋőęěśšćő L(P^n) = {R|F_{n+1} (P^n, R) = 0} šőůěł R ŕřěďśšăćń£ěš śőąőľ nňěřŋş¿ ŕńőśłőśšĳ, ŕřőţőď£źş¿ ůěřěğ n + 1 šőůěł P^n. Ŕőśłőńĳłş ¡šő śőőšŋőÿěŋĺě σ-ĺňňăŋěŋšŋő, šő őŋő őŕřěďěń£ěš ŋěłőšőřőě ňŋőęěśšćő šőůěł T (P^n) = {R|F_{n+1} (P^n, R) = 0} ⊂ ˙ ć ń¿ąőň ňěšřĺůěśłőň ŕřőśšřăŋśšćě M = {ρ, ˙}. İšő ňŋőęěśšćő T (P^n), ŋăğżćăěňőě šřşąłőľ n-őčő ŕőř£ďłă, £ćń£ěšś£ ăŋăńőčőň n-ňěřŋőľ ŕńőśłőśšĺ ěćłńĺďőćă ŕřőśšřăŋśšćă. n + 1 šőůěł P^n, őŕřěďěń£¿źĺţ šřşąłş, ąşďěň ŋăğżćăšĳ ąăğĺśŋżňĺ šőůłăňĺ šřşąłĺ, ĺńĺ ěě (n+1)-šőůěůŋżň σąăğĺśőň. Šřşąłă n-őčő ŕőř£ďłă ňőęěš řăśśňăšřĺćăšĳś£ łăł ěśšěśšćěŋŋżľ čěőňěšřĺůěśłĺľ őąžěłš (ĚČŐ) ňěšřĺůěśłőčő ŕřőśšřăŋśšćă, őŕřěďěń£ěňżľ (n + 1)- šőůěůŋżň ňěšřĺůěśłĺň ŕőďŕřőśšřăŋśšćőň {ρ, P^n}. Šřşąłă n-őčő ŕőř£ďłă £ćń£- ěšś£ σ-ĺňňăŋěŋšŋżň čěőňěšřĺůěśłĺň őąžěłšőň.

Šăłĺň őąřăğőň, ć ňěšřĺůěśłőň ŕřőśšřăŋśšćě ćśěčďă śşźěśšćşěš ŕőďŕřőśšřăŋśšćő, £ćń£¿źěěś£ ăŋăńőčőň n-ňěřŋőľ ěćłńĺďőćőľ ŕńőśłőśšĺ, őďŋăłő ńĺŋěľŋżě őŕěřăűĺĺ ŋăď ćěłšőřăňĺ ňőęŋő őŕřěďěńĺšĳ ŋě ćśěčďă. Ŕřĺůĺŋă šăłőčő řăğńĺůĺ£ śőśšőĺš ć šőň, ůšő šřşąłĺ T (P^n) ĺňě¿š śšřşłšşřş, őšńĺůŋş¿ őš śőőšćěšśšćş¿źĺţ ŕńőśłőśšěľ L(P^n) ěćłńĺďőćă ŕřőśšřăŋśšćă. Ŕşśšĳ Q^n ⊂ L(P^n), (F_n (Q^n) ≠ 0) ěśšĳ ďřşčőľ (n + 1)-šőůěůŋżľ σ-ąăğĺś, ŕřĺŋăďńěęăźĺľ ŕńőśłőśšĺ L(P^n). Šőčďă L(Q^n) = L(P^n). Ć ŕřőĺğćőńĳŋőň ňěšřĺůěśłőň ŕřőśšřăŋśšćě ¡šő ŋě šăł ĺ, ćőőąźě čőćőř£, T (Q^n) ≠ T (P^n). Ć ůăśšŋőśšĺ, ěśńĺ čőćőřĺšĳ ő šřşąłě ŕěřćőčő ŕőř£ďłă, šő ć ěćłńĺďőćőň ŕřőśšřăŋśšćě ń¿ążě ďćě řăğńĺůŋżě šőůłĺ ŕř£ňőľ őŕřěďěń£¿š ¡šş ŕř£ňş¿. Ć ňěšřĺůěśłőň ŕřőśšřăŋśšćě ďćě ąăğĺśŋżě šőůłĺ ć ąőńĳÿĺŋśšćě śńşůăěć (ŋăŕřĺňěř, ďń£ řĺňăŋőćă ŕřőśšřăŋśšćă, řăśśňăšřĺćăěňőčő łăł ňěšřĺůěśłőě ŕřőśšřăŋśšćő) őŕřěďěń£¿š šřşąłş, śőćŕăďă¿źş¿ ś łřăšůăľÿěľ. Šőčďă ďćě ń¿ążě řăğńĺůŋżě šőůłĺ łřăšůăľÿěľ £ćń£¿šś£ ąăğĺśŋżňĺ šőůłăňĺ ¡šőľ łřăšůăľÿěľ ĺ őŕřěďěń£¿š ěě. Ćőğňőęŋż, őďŋăłő, śńşůăĺ, łőčďă ¡šő ŋě šăł. Šőčďă ďćě řăğńĺůŋżě šőůłĺ, őšńĺůŋżě őš ąăğĺśŋżţ, šőęě őŕřěďěń£¿š šřşąłş, ŋő, ćőőąźě čőćőř£, { ďřşčş¿. Ůšő łăśăěšś£ šřşąőł ćšőřőčő ŕőř£ďłă (ăŋăńőčőć ďćşňěřŋőľ ěćłńĺďőćőľ ŕńőśłőśšĺ), šő ć ¡šőň śńşůăě ŋěřăćěŋśšćő T (Q^2) ≠ T (P^2) £ćń£ěšś£ śłőřěě ŕřăćĺńőň, ůěň ĺśłń¿ůěŋĺěň. Ŋăŕřĺňěř, ¡šő ćěřŋő ďń£ řĺňăŋőćă ŕřőśšřăŋśšćă, řăśśňăšřĺćăěňőčő łăł ňěšřĺůěśłőě.

Ćőğňőęŋőśšĳ őŕĺśăŋĺ£ ňěšřĺůěśłőčő ŕřőśšřăŋśšćă ć šěřňĺŋăţ őďŋőľ šőńĳłő łřăšůăľÿěľ őčřăŋĺůěŋă, ţőš£ ŕřő£ćĺć ďőśšăšőůŋő ĺğőąřěšăšěńĳŋőśšĺ, ňőęŋő őśşźěśšćĺšĳ šăłőě őŕĺśăŋĺě ďń£ ďćşňěřŋżţ ňěšřĺůěśłĺţ ŕřőśšřăŋśšć. Ŋăŕřĺňěř, Ă.Ď. Ăńěłśăŋďřőć ŕőłăğăń, ůšő ćŋşšřěŋŋ££ čěőňěšřĺ£ ďćşňěřŋżţ čřăŋĺű šřěţňěřŋżţ ćżŕşłńżţ šěń ňőęěš ążšĳ ŕřěďśšăćńěŋă ć σ-ĺňňăŋěŋšŋőň ćĺďě [3]. Ŕő-ćĺďĺňőňş, ěśńĺ ŋě ććőďĺšĳ ŕőŋ£šĺ£ šřşąőł ŕőř£ďłă ćżÿě ŕěřćőčő, šő řěÿĺšĳ ăŋăńőčĺůŋş¿ ğăďăůş ďń£ šřěţňěřŋżţ čřăŋĺű ůěšżřěţňěřŋżţ šěń őůěŋĳ šřşďŋő.

σ-ĺňňăŋěŋšŋă£ łőŋűěŕűĺ£ őŕĺśăŋĺ£ ňěšřĺůěśłőčő ŕřőśšřăŋśšćă ňőęěš ążšĳ śťőřňşńĺřőćăŋă łăł łńăśśĺťĺłăűĺ£ ćśěţ ćőğňőęŋżţ (n + 1)-šőůěůŋżţ ňěšřĺůěśłĺţ ŕőďŕřőśšřăŋśšć M_n(P^n) = {ρ, P^n}, (n = 1, 2, . . .), čďě P^n ⊂ ˙, ěśšĳ ňŋőęěśšćő ĺğ n + 1 šőůěł P_i ∈ ˙, (i = 0, 1, . . . n). Łăęďőňş M_n(P^n) ŕřĺŕĺśżćăěšś£ ůĺśńő |M_n(P^n)| = |P^n| = n!S_n(P^n) = √ F_n(P^n), ŋăğżćăěňőě ďńĺŋőľ.

Ňăšěňăšĺůěśłĺ łńăśśĺťĺłăűĺ£ łőŋěůŋżţ ňěšřĺůěśłĺţ ŕőďŕřőśšřăŋśšć śćőďĺšś£ ł šőňş, ůšő ňěšřĺůěśłőě ŕřőśšřăŋśšćő {ρ, ˙} śŋăąęăěšś£ ř£ďőň σ-ĺňňă-ŋěŋšŋżţ őšőąřăęěŋĺľ

F_n : ˙^{n+1} → R, ˙^{n+1} = n+1⨂ k=1 ˙, n = 1, 2, . . . (1.9)

čďě F_n(P^n) őŕřěďěń£ěšś£ śőőšŋőÿěŋĺ£ňĺ (1.6)-(1.8). Łăł ćĺďŋő ĺğ (1.6), (1.7) ć śńşůăě n = 1 F_1(P, Q) = 2σ(P, Q) = ρ^2(P, Q).

Ďăńěě ąşďěš ŕőłăğăŋő, ůšő łńăśśĺťĺłăűĺ£ łőŋěůŋżţ ňěšřĺůěśłĺţ ŕőďŕřőśšřăŋśšć, őśşźěśšćń£ěňă£ ś ŕőňőźĳ¿ ř£ďă őšőąřăęěŋĺľ (1.9), ŕőğćőń£ěš ĺğćńěůĳ ĺŋťőřňăűĺ¿ ő śćőľśšćăţ ňěšřĺůěśłőčő ŕřőśšřăŋśšćă, ğăÿĺťřőćăŋŋş¿ ć ěčő ňěšřĺłě. Ŕřĺ ¡šőň őłăğżćăěšś£, ůšő ňěšřĺůěśłă£ čěőňěšřĺ£ (š.ě. čěőňěšřĺ£ ŕőřőęďăěňă£ ňěšřĺůěśłĺň ŕřőśšřăŋśšćőň) ŋě ňěŋěě śőďěřęăšěńĳŋă, ůěň ěćłńĺďőćă čěőňěšřĺ£. İšő őğŋăůăěš, ć ůăśšŋőśšĺ, ůšő ěćłńĺďőćă čěőňěšřĺ£ ňőęěš ążšĳ śťőřňşńĺřőćăŋă ć σ-ĺňňăŋěŋšŋőň ćĺďě. Ąőńěě šőčő ć σ-ĺňňăŋěŋšŋőľ ťőřňě ňőęěš ążšĳ śťőřňşńĺřőćăŋă čěőňěšřĺ£ ń¿ąőčő ŕőďňŋőęěśšćă šőůěł śőąśšćěŋŋő ěćłńĺďőćă ŕřőśšřăŋśšćă. Ĺŋăůě čőćőř£, ňěšřĺůěśłă£ čěőňěšřĺ£, ŕőśšřőěŋŋă£ ŋă ąăğě ňěšřĺłĺ, ŋěůşćśšćĺšěńĳŋă ł ŋěŕřěřżćŋőśšĺ ĺńĺ ďĺśłřěšŋőśšĺ ŕřőśšřăŋśšćă.

Ŋăčń£ďŋő śĺšşăűĺ¿ ś ŕőśšřőěŋĺěň ňěšřĺůěśłőľ čěőňěšřĺĺ ňőęŋő ŕřěďśšăćń£šĳ śěąě śńěďş¿źĺň őąřăğőň. Ć D-ňěřŋőň ěćłńĺďőćőň ŕřőśšřăŋśšćě E_D = {ρ, ˙}, ˙ = R^D n-ňěřŋă£ ŕńőśłőśšĳ L(P^n), n = 1, 2, . . . D, ŕřőţőď£źă£ ůěřěğ šőůłĺ P^n, őąřăğş¿źĺě (n + 1)-šőůěůŋżľ σ-ąăğĺś (F_n(P^n) ≠ 0), őŕĺśżćăěšś£ łăł ňŋőęěśšćő šőůěł R, şďőćńěšćőř£¿źĺţ σ-ĺňňăŋěŋšŋőňş şřăćŋěŋĺ¿ F_{n+1}(P^n, R) = 0. n-ňěřŋă£ ŕńőśłőśšĳ L(P^n), (n = 1, 2, . . . D) őŕřěďěń£ěšś£ šőńĳłő ňěšřĺłőľ, ĺ £ćń£ěšś£ ĚČŐ ďń£ ěćłńĺďőćă ŕřőśšřăŋśšćă E_D. Ňěšřĺůěśłőě ŕřőśšřăŋśšćő ňőęŋő ŕřěďśšăćń£šĳ śěąě łăł řěğşńĳšăš ďěťőřňăűĺĺ Dňěřŋőčő ěćłńĺďőćă ŕřőśšřăŋśšćă E_D ś ďőśšăšőůŋő ąőńĳÿĺň D. Ŕőď ďěťőřňăűĺěľ ŕőŋĺňăěšś£ ĺğňěŋěŋĺě řăśśšő£ŋĺľ ňěęďş šőůłăňĺ E_D, śőŕřőćőęďăěňőě őšąřăśżćăŋĺěň ŋěłőšőřőčő ňŋőęěśšćă U šőůěł, ŕřĺŋăďńěęăźĺţ E_D . Ŕřĺ šăłőľ ďěťőřňăűĺĺ ĚČŐ ďěťőřňĺřş¿šś£, ŕřěćřăźă£śĳ ć ňŋőęěśšćă šőůěł ąőńěě śńőęŋőľ ťőřňż, őďŋăłő őŋĺ ŕřőďőńęă¿š őśšăćăšĳś£ ăšřĺąşšăňĺ ňěšřĺůěśłőčő ŕřőśšřăŋśšćă, šăł łăł őŋĺ σ-ĺňňăŋěŋšŋż ĺ őŕřěďěń£¿šś£ šőńĳłő ňěšřĺłőľ.

Ŕřĺ ŕőśšřőěŋĺĺ ňěšřĺůěśłőľ čěőňěšřĺĺ őčřăŋĺůěŋĺ£ (1.3), (1.4) ŋă ňěšřĺłş ρ ŋĺłăł ŋě ĺśŕőńĳğş¿šś£. Őŋĺ ŋşęŋż ďń£ ŕřőśšřőěŋĺ£ łřăšůăľÿěľ, łőčďă šřěąşěšś£ ŕőśšřőĺšĳ ńĺŋĺ¿ ŋăĺňěŋĳÿěľ ďńĺŋż. Őŋĺ ňőčşš ążšĳ őšąřőÿěŋż, łőčďă čěőňěšřĺůěśłĺě őąžěłšż śšřő£šś£ ŋă őśŋőćě łńăśśĺťĺłăűĺĺ łőŋěůŋżţ ňěšřĺůěśłĺţ ŕőďŕřőśšřăŋśšć {ρ, P^n}. Ć ¡šőň śńşůăě, ğăňěŋ££ ňěšřĺłş ŋă ňĺřőćş¿ ťşŋłűĺ¿ σ =^1_2 ρ^2, ňż ŕőńşůăěň ćňěśšő őążůŋőčő ňěšřĺůěśłőčő ŕřőśšřăŋśšćă M = {ρ, ˙} ąőńěě őąźěě ňěšřĺůěśłőě ŕřőśšřăŋśšćő V = {σ, ˙}, łőšőřőě ňż ąşďěň ŋăğżćăšĳ σ-ŕřőśšřăŋśšćőň. Čěőňěšřĺ¿, ŕőřőęďěŋŋş¿ σŕřőśšřăŋśšćőň, ąşďěň ŋăğżćăšĳ Š-čěőňěšřĺěľ. Š-čěőňěšřĺ£ ŕřěďśšăćń£ěš śőąőľ őąőąźěŋĺě ňěšřĺůěśłőľ čěőňěšřĺĺ ŋă śńşůăľ ĺŋďěťĺŋĺšŋőľ ňěšřĺłĺ. Ščěőňěšřĺ£ ňőęěš ążšĳ ĺśŕőńĳğőćăŋă ďń£ őŕĺśăŋĺ£ ŕřőśšřăŋśšćă-ćřěňěŋĺ.

Ŕřĺ őŕĺśăŋŋőľ ćżÿě ďěťőřňăűĺĺ ěćłńĺďőćă ŕřőśšřăŋśšćă ěćłńĺďőćż ŕř£- ňżě ŕřěćřăźă¿šś£ ć ŕőńżě šřşąłĺ. (Ćőőąźě čőćőř£, ćőğňőęěŋ śńşůăľ, łőčďă ŕř£ňżě ŕřőśšő ĺśłřĺćń£¿šś£ őśšăćă£śĳ ńĺŋĺ£ňĺ, ŋő ¡šő őůěŋĳ śŕěűĺăńĳŋżľ ćĺď ďěťőřňăűĺĺ). Ŕőńżě šřşąłĺ £ćń£¿šś£ őąźĺň śńşůăěň, šăł łăł őďŋő şřăćŋěŋĺě, őŕřěďěń£¿źěě šřşąłş, őŕĺśżćăěš, ćőőąźě čőćőř£, ŕőćěřţŋőśšĳ. Őšś¿ďă ĺ ŋăğćăŋĺě Š-čěőňěšřĺ£, ĺńĺ šřşąůăšă£ čěőňěšřĺ£. Ś šőůłĺ ğřěŋĺ£ Š-čěőňěšřĺĺ ňěšřĺůěśłă£ čěőňěšřĺ£ ěśšĳ ćżřőęďěŋŋă£ čěőňěšřĺ£, š.ě. šăłă£ čěőňěšřĺ£, čďě šřşąłĺ ćżřőęďă¿šś£ ć ńĺŋĺĺ (łřăšůăľÿĺě). Š-čěőňěšřĺ£ ŕřěďśšăćń£ěš śőąőľ ěśšěśšćěŋŋş¿ (ŋěćżřőęďěŋŋş¿, ćőőąźě čőćőř£) čěőňěšřĺ¿, š.ě. čěőňěšřĺ¿ ąőńěě őąźěčő ćĺďă, ůěň őążůŋă£ ňěšřĺůěśłă£ čěőňěšřĺ£. Śĺńĳŋżň ăřčşňěŋšőň ć ŕőńĳğş Š-čěőňěšřĺĺ £ćń£ěšś£ šő őąśšő£šěńĳśšćő, ůšő ŋă ěě őśŋőćě ňőęŋő ŕőśšřőĺšĳ ňőďěńĳ ŕřőśšřăŋśšćă-ćřěňěŋĺ, čďě łćăŋšőćżě ¡ťťěłšż őąž- £śŋ£¿šś£ łăł ŕřőśšżě Š-čěőňěšřĺůěśłĺě ¡ťťěłšż, ă łćăŋšőćă£ ŕőśšő£ŋŋă£ £ćń£ěšś£ ăšřĺąşšőň ŕřőśšřăŋśšćă-ćřěňěŋĺ [4].

Ćő ćšőřőň řăğďěńě ďăŋż őŕřěďěńěŋĺ£ őśŋőćŋżţ őąžěłšőć σ-ŕřőśšřăŋśšćă. Šřěšĺľ řăğďěń ŕőść£źěŋ ťőřňşńĺřőćłě ĺ ďőłăğăšěńĳśšćş šěőřěňż ő šőň, ůšő ěćłńĺďőćă čěőňěšřĺ£ ňőęěš ążšĳ őŕĺśăŋă ć šěřňĺŋăţ őďŋőľ šőńĳłő ňěšřĺłĺ. Ć ůěšćěřšőň řăğďěńě őąśşęďăěšś£ řőńĳ ăłśĺőňż šřěşčőńĳŋĺłă.

2 œ-ŕřőśšřăŋśšćő ĺ ěčő śćőľśšćă.

Őŕřěďěńěŋĺě 2.1 σ-ŕřőśšřăŋśšćő V = {σ, ˙} ěśšĳ ŋěŕşśšőě ňŋőęěśšćő˙ šőůěł P ś ğăďăŋŋőľ ŋă ˙ × ˙ ćěźěśšćěŋŋőľ ťşŋłűĺěľ σ σ : ˙ × ˙ → R, σ(P, P ) = 0, σ(P, Q) = σ(Q, P ) ∀P, Q ∈ ˙. (2.1) Ťşŋłűĺ£ σ ŋăğżćăěšś£ ňĺřőćőľ ťşŋłűĺěľ ĺńĺ σ-ťşŋłűĺěľ.

Őŕřěďěńěŋĺě 2.2 . Ŋěŕşśšőě ŕőďňŋőęěśšćő ˙^′ ⊂ ˙ šőůěł σ-ŕřőśšřăŋśšćă V = {σ, ˙} ś ňĺřőćőľ ťşŋłűĺěľ σ^′ = σ|_Ω0_{×Ω}0 , £ćń£¿źěľś£ śşęěŋĺěň σ ŋă ˙^′ ×˙^′ ŋăğżćăěšś£ σ-ŕőďŕřőśšřăŋśšćőň V^′ = {σ^′, ˙^′} σ-ŕřőśšřăŋśšćă V = {σ, ˙}.

Ć ďăńĳŋěľÿěň ňĺřőćă£ ťşŋłűĺ£ σ^′ = σ|_Ω0_{×Ω}0 , £ćń£¿źă£ś£ śşęěŋĺěň σ ąşďěš őąőğŋăůăšĳś£ ŕőśřěďśšćőň σ. Ń¿ąőě σ-ŕőďŕřőśšřăŋśšćő £ćń£ěšś£ σ-ŕřőśšřăŋśšćőň.

Őŕřěďěńěŋĺě 2.3 . σ-ŕřőśšřăŋśšćő V^′ = {σ^′, ˙^′} ŋăğżćăěšś£ ĺğőňěšřĺůěśłĺ ćńőęĺňżň ć σ-ŕřőśšřăŋśšćő V = {σ, ˙}, ěśńĺ śşźěśšćşěš šăłőľ ňőŋőňőřťĺğň f : ˙^′ → ˙, ůšő σ^′(P, Q) = σ(f(P ), f(Q)), ∀P, ∀Q ∈ ˙^′, f(P ), f(Q) ∈ ˙, Ń¿ąőě σ-ŕőďŕřőśšřăŋśšćő V^′ σ-ŕřőśšřăŋśšćă V = {σ, ˙} ĺğőňěšřĺůěśłĺ ćńőęĺňő ć ŋěčő.

Őŕřěďěńěŋĺě 2.4 . Ďćă σ-ŕřőśšřăŋśšćă V = {σ, ˙} ĺ V^′ = {σ^′, ˙^′} ŋăğżćă- ¿šś£ ĺğőňěšřĺůŋżňĺ (¡łćĺćăńěŋšŋżňĺ), ěśńĺ V ĺğőňěšřĺůěśłĺ ćńőęĺňő ć V^′, ĺ V^′ ĺğőňěšřĺůěśłĺ ćńőęĺňő ć V .

Őŕřěďěńěŋĺě 2.5 . Łőŋěůŋżň σ-ŕřőśšřăŋśšćőň M_n(P^n) = {σ, P^n} ŕőř£ďłă n ŋăğżćăěšś£ σ-ŕřőśšřăŋśšćő, śőśšő£źěě ĺğ n + 1 šőůěł P^n.

Őŕřěďěńěŋĺě 2.6 . Ďńĺŋőľ (őąžěňőň) łőŋěůŋőčő σ-ŕřőśšřăŋśšćă M_n(P^n) ŕőř£ďłă n ŋăğżćăěšś£ ůĺśńő √ F_n(P^n), čďě F_n(P^n) őŕřěďěń£ěšś£ śőőšŋőÿěŋĺěň (1.6)-(1.8).

Ěśńĺ ňŋőęěśšćő šőůěł P^n łőŋěůŋőčő σ-ŕřőśšřăŋśšćă M_n(P^n) şŕőř£ďőůěŋő, šő šăłőě łőŋěůŋőě σ-ŕřőśšřăŋśšćő M_n(P^n) ąşďěň ŋăğżćăšĳ ňşńĳšĺćěłšőřőň. Ŕřăłšĺůěśłĺ ąşďşš řăśśňăšřĺćăšĳś£ šőńĳłő ňşńĳšĺćěłšőřż, £ćń£¿źĺěś£ σŕőďŕřőśšřăŋśšćăňĺ őďŋőčő ĺ šőčő ęě σ-ŕřőśšřăŋśšćă ĺ őŕĺśżćăěňżě őďŋőľ ĺ šőľ ęě ňĺřőćőľ ťşŋłűĺěľ. Ć ¡šőň śńşůăě ňőęŋő őŕşśšĺšĳ şŕőňĺŋăŋĺě ő ňĺřőćőľ ťşŋłűĺĺ ć őŕřěďěńěŋĺĺ ňşńĳšĺćěłšőřă ĺ őŕřěďěńĺšĳ ěčő šăł

Őŕřěďěńěŋĺě 2.7 . Ňşńĳšĺćěłšőřőň −−−−−−→P_0P_1...P_n ŕőř£ďłă n ć σ-ŕřőśšřăŋśšćě V ŋăğżćăěšś£ şŕőř£ďőůěŋŋőě ňŋőęěśšćő {P_l}, l = 0, 1, . . . n ĺğ n + 1 šőůěł P_0, P_1, ..., P_n. Šőůłă P_0 ěśšĳ ŋăůăńő ňşńĳšĺćěłšőřă −−−−−−→P_0P_1...P_n

Ąşďěň ĺśŕőńĳğőćăšĳ ďń£ ňşńĳšĺćěłšőřă −−−−−−→P_0P_1...P_n őąőğŋăůěŋĺě −−−−−−→ P_0P_1...P_n ≡ P_0P_1...P_n ≡ −→ P^n.

Őŕřěďěńěŋĺě 2.8 . Ćěłšőřőň PQ ć σ-ŕřőśšřăŋśšćě V ŋăğżćăěšś£ ňşńĳšĺćěłšőř ŕěřćőčő ŕőř£ďłă, š.ě. şŕőř£ďőůěŋŋőě ňŋőęěśšćő {P, Q} ĺğ ďćşţ šőůěł P, Q. Šőůłă P ěśšĳ ŋăůăńő, ă Q - łőŋěű ćěłšőřă.

Őŕřěďěńěŋĺě 2.9 . Śłăń£řŋżň σ-ŕřőĺğćěďěŋĺěň (P_0P_1.P_0P_2) ďćşţ ćěłšőřőć P_0P_1 ĺ P_0P_2, ĺňě¿źĺţ őąźěě ŋăůăńő, ŋăğżćăěšś£ ćěźěśšćěŋŋőě ůĺśńő

(P_0P_1.P_0P_2) ≡ `(P_0, P_1, P_2) ≡ σ(P_0, P_1) + σ(P_0, P_2) − σ(P_1, P_2), (2.2)

P_0, P_1, P_2 ∈˙

Ć šěţ śńşůă£ţ, łőčďă ¡šő ŋě ŕřĺćőďĺš ł ŋěďőřăğşňěŋĺ£ň, ćňěśšő šěřňĺŋă "śłăń£řŋőě σ-ŕřőĺğćěďěŋĺě" ąşďěš ĺśŕőńĳğőćăšĳś£ šěřňĺŋ "śłăń£řŋőě ŕřőĺğćěďěŋĺě".

Őŕřěďěńěŋĺě 2.10 . Ć śőőšćěšćśšćĺĺ ś őŕřěďěńěŋĺěň 2.7 ďńĺŋőľ | PQ | ćěłšőřă PQ ŋăğżćăěšś£ ůĺśńő

| PQ |= √ 2σ(P, Q) = { | √ (PQ.PQ) |, (PQ.PQ) ≥ 0 i | √ (PQ.PQ) |, (PQ.PQ) < 0

P, Q ∈ ˙ (2.3)

Őŕřěďěńěŋĺě 2.11 . Ćěłšőřż P_0P_1, P_0P_2 ŕăřăńńěńĳŋż ĺńĺ ăŋšĺŕăřăńńěńĳŋż, ěśńĺ ćżŕőńŋěŋż śőőšćěšśšćěŋŋő śőőšŋőÿěŋĺ£

P_0P_1 ↑↑ P_0P_2 : (P_0P_1.P_0P_2) =| P_0P_1 | · | P_0P_2 | (2.4)

P_0P_1 ↑↓ P_0P_2 : (P_0P_1.P_0P_2) = − | P_0P_1 | · | P_0P_2 | (2.5)

Őŕřěďěńěŋĺě 2.12 . Ćěłšőřż P_0P_1, P_0P_2 łőńńĺŋěăřŋż, ěśńĺ őŋĺ ŕăřăńńěńĳŋż ĺńĺ ăŋšĺŕăřăńńěńĳŋż, š.ě.

P_0P_1 ‖ P_0P_2 : (P_0P_1.P_0P_2)^2 =| P_0P_1 |^2 · | P_0P_2 |^2 (2.6)

Őŕřěďěńěŋĺě 2.13 . Śłăń£řŋżň σ-ŕřőĺğćěďěŋĺěň (−→P^n.−→Q^n) ďćşţ ňşńĳšĺćěłšőřőć −→ P^n ĺ −→ Q^n ŕőř£ďłă n, ĺňě¿źĺţ őąźěě ŋăůăńő P_0 = Q_0 ŋăğżćăěšś£ ůĺśńő (−→P^n.−→Q^n) = det ‖`(P_0, P_i, Q_k)‖, i, k = 1, 2, ...n (2.7) Őŕřěďěńěŋĺě 2.14 . Ć śőčńăśĺĺ ś őŕřěďěńěŋĺěň 2.7 ďńĺŋőľ |−→P^n| ňşńĳšĺćěłšőřă −→ P^n ŋăğżćăěšś£ ůĺśńő

|−→P^n| = | √ (−→P^n.−→P^n) |= | √ F_n(P^n)|, ( −→ P^n. −→ P^n) ≥ 0 i | √ (−→P^n.−→P^n) |= i| √ F_n(P^n)|, (−→P^n.−→P^n) < 0 −→P_n ⊂ ˙ (2.8)

čďě ćěńĺůĺŋă F_n(P^n) őŕřěďěń£ěšś£ śőšŋőÿěŋĺ£ňĺ (1.6)- (1.8)

Őŕřěďěńěŋĺě 2.15 . Ďćă ňşńĳšĺćěłšőřă n-őčő ŕőř£ďłă −→P^n ĺ −→Q^n, ĺňě¿źĺě őąźěě ŋăůăńő, łőńńĺŋěăřŋż −→P^n ‖ −→Q^n, ěśńĺ

(−→P^n.−→Q^n)^2 = |−→P^n|^2 · |−→Q^n|^2 (2.9)

Őŕřěďěńěŋĺě 2.16 . Ďćă łőńńĺŋěařŋżţ ňşńĳšĺćěłšőřă n-őčő ŕőř£ďłă −→P^n ĺ −→Q_n ĺňě¿š őďĺŋăłőćş¿ őřĺěŋšăűĺ¿ −→P_n ↑↑ −→Q_n (ŕăřăńńěńĳŋż), ěśńĺ (−→P^n.−→Q^n) = |−→P^n| · |−→Q^n| (2.10) Őŋĺ ĺňě¿š ŕřőšĺćőŕőńőęŋş¿ őřĺěŋšăűĺ¿ −→ P^n ↑↓ −→ Q^n (ăŋšĺŕăřăńńěńĳŋż), ěśńĺ (−→P^n.−→Q^n) = −|−→P^n| · |−→Q^n| (2.11) Ŕřĺňěř 2.1. Řăśśňőšřĺň D-ňěřŋőě šőůěůŋőě śőąśšćěŋŋő ěćłńĺďőćő ŕřőśšřăŋśšćő. Ěčő ňőęŋő řăśśňăšřĺćăšĳ łăł ňěšřĺůěśłőě ŕřőśšřăŋśšćő E_D =

{ρ, R^D} ĺńĺ łăł σ-ŕřőśšřăŋśšćő ED = {σ, R^D}, ŕřĺůěň σ =^1_2 ρ^2 ğăďă¿šś£ śőőš-

ŋőÿěŋĺ£ňĺ σ(P, Q) = σ(x, y) = 1 2 D∑ i,k=1 g_{ik} (x^i − y^i)(x^k − y^k), x, y ∈ R^n, (2.12)

čďě x = {x^i} ĺ y = {y^i}, (i = 1, 2, . . . D) - łőŋšřăćăřĺăŋšŋżě łőőřďĺŋăšż šőůěł P ĺ Q śőőšćěšśšćěŋŋő ć ŋěłőšőřőľ ŕř£ňőńĺŋěľŋőľ śĺśšěňě łőőřďĺŋăš K. Ğďěśĳ g_{ik} = const, (i, k = 1, 2, . . . D) - ňěšřĺůěśłĺľ šěŋğőř, det ||g_{ik} || ≠ 0. Śőąśšćěŋŋżě ğŋăůěŋĺ£ ňăšřĺűż g_{ik} , i, k = 1, 2, . . . D ňěšřĺůěśłőčő šěŋğőřă ŕőńőęĺšěńĳŋż, šăł ůšő ∑_D i,k=1 gik x ix^k = 0, ěśńĺ ĺ šőńĳłő ěśńĺ x = 0. Ďăŋŋżě ćżÿě őŕřěďěńěŋĺ£ ćěłšőřă, ěčő ďńĺŋż, śłăń£řŋőčő ŕřőĺğćěďěŋĺ£ ďćşţ ćěłšőřőć ĺ śőőšŋőÿěŋĺľ łőńńĺŋěăřŋőśšĺ śőčńăśş¿šś£ ś şŕőšřěąńěŋĺěň ¡šĺţ ŕőŋ£šĺľ ďń£ ěćłńĺďőćă ŕřőśšřăŋśšćă. Ć śăňőň ďěńě, ďńĺŋă ćěłšőřă PQ ć ěćłńĺďőćőň ŕřőśšřăŋśšćě ěśšĳ

| PQ |= √ g_{ik} (x^i − y^i)(x^k − y^k) = √ 2σ(P, Q) (2.13)

ůšő śőčńăśşěšś£ ś (2.3).

Ć śőąśšćěŋŋő ěćłńĺďőćőň ŕřőśšřăŋśšćě ŕő šěőřěňě łőśĺŋşśőć ďń£ ďćşţ ćěłšőřőć P_0P_1 ĺ P_0P_2

| P_1P_2 |^2=| P_0P_2 − P_0P_1 |^2=| P_0P_2 |^2 + | P_0Q_1 |^2 −2(P_0P_1.P_0P_2) (2.14)

Őšś¿ďă śńěďşěš

(P_0P_1.P_0P_2) = 1 2 {| P_0P_2 |^2 + | P_0P_1 |^2 − | P_1P_2 |^2} (2.15)

ůšő śőčńăśşěšś£ ś (2.2), ěśńĺ şůěśšĳ (2.3).

Ć śőąśšćěŋŋő ěćłńĺďőćőň ŕřőśšřăŋśšćě ćěłšőřż P_0P_1 ĺ P_0P_2 ŕăřăńńńěńĳŋż ĺńĺ ăŋšĺŕăřăńńěńĳŋż, ěśńĺ łőśĺŋşś şčńă ϑ ňěęďş ŋĺňĺ řăćěŋ śőőšćěšśšćěŋŋő 1 ĺńĺ −1. Ŕőśłőńĳłş

cos ϑ = (P_0P_1.P_0P_2) | P_0P_2 |^{−1} · | P_0P_1 |^{−1}, (2.16)

ŕőńşůăěň śőčńăśĺě ś őŕřěďěńěŋĺ£ňĺ (2.4), (2.5).

Ć śőąśšćěŋŋő ěćłńĺďőćőň ŕřőśšřăŋśšćě ňşńĳšĺćěłšőř m n-őčő ŕőř£ďłă őŕřěďěń£ěšś£ łăł ćŋěÿŋěě (łőśőě) ŕřőĺğćěďěŋĺě ćěłšőřőć

m = e_1 ∧ e_2 ∧ ... ∧ e_n e_i = P_0P_i, i = 1, 2, ...n (2.17)

Śłăń£řŋőě ŕřőĺğćěďěŋĺě ďćşţ ňşńĳšĺćěłšőřőć n-őčő ŕőř£ďłă m ĺ q q = i=n⋀ i=1 k_i, k_i = P_0Q_i i = 1, 2, ...n (2.18)

őŕřěďěń£ěšś£ ś ŕőňőźĳ¿ śőőšŋőÿěŋĺ£

(m.q) = det ‖(e_i.k_l)‖ = det ‖(P_0P_i.P_0Q_l)‖ = det ‖` (P_0, P_i, Q_l)‖ , i, l = 1, 2, ...n (2.19) ůšő śőčńăśşěšś£ ś śőőšŋőÿěŋĺěň (2.7)

Řăğńĺůĺě ňěęďş őŕřěďěńěŋĺěň 2.7 ňşńĳšĺćěłšőřă ĺ ěčő šřăďĺűĺőŋŋżň őŕřěďěńěŋĺěň (2.17) ć šőň, ůšő ŕěřćőě ŋě ĺśŕőńĳğşěš őŕěřăűĺľ śńőęěŋĺ£ ĺ şňŋőęěŋĺ£ ćěłšőřőć, łőšőřżě ŋě őŕřěďěńěŋż ć σ-ŕřőśšřăŋśšćě, šőčďă łăł šřăďĺűĺőŋŋőě őŕřěďěńěŋĺě (2.17) ăŕěńńĺřşěš ł ŕőŋ£šĺ¿ ňŋőčőőąřăğĺ£ ĺ ńĺŋěľŋőčő ŕřőśšřăŋśšćă, čďě ¡šĺ őŕěřăűĺĺ őŕřěďěńěŋż.

Ć ŕřĺŋűĺŕě śńőęěŋĺě ćěłšőřőć ĺ şňŋőęěŋĺě ćěłšőřă ŋă ůĺśńő ňőęŋő őŕřěďěńĺšĳ ć σ-ŕřőśšřăŋśšćě V = {σ, ˙} śńěďş¿źĺň őąřăğőň. Ćěłšőř P_0R ěśšĳ śşňňă ćěłšőřőć P_0P_1 ĺ P_0P_2, ěśńĺ ∃R ∈ ˙ šăłă£, ůšő

(P_0R.P_0Q) = (P_0P_1.P_0Q) + (P_0P_2.P_0Q) , ∀Q ∈ ˙. (2.20)

Ćěłšőř P_0R ěśšĳ řěğşńĳšăš şňŋőęěŋĺ£ P_0P ŋă ćěźěśšćěŋŋőě ůĺśńő: a P_0R = aP_0P, ěśńĺ ∃R ∈ ˙ šăłă£, ůšő

(P_0R.P_0Q) = a (P_0P.P_0Q) , ∀Q ∈ ˙ (2.21)

Őďŋăłő, šăłĺě őŕřěďěńěŋĺ£ ŋě ¡ťťěłšĺćŋż, ŕőśłőńĳłş ć őąźěň śńşůăě ŋě śşźěśšćşěš šőůłĺ R, şďőćńěšćőř£¿źěľ śőőšŋőÿěŋĺ£ň (2.20), (2.21). Ć śńşůăě śőąśšćěŋŋő ěćłńĺďőćă ŕřőśšřăŋśšćă, łőčďă šőůłă R, şďőćńěšćőř£¿źă£ (2.20), (2.21), śşźěśšćşěš, őŕěřăűĺĺ śńőęěŋĺ£ ćěłšőřőć (2.20) ĺ şňŋőęěŋĺ£ ćěłšőřă ŋă ůĺśńő (2.21) śőćŕăďă¿š ś šřăďĺűĺőŋŋżň őŕřěďěńěŋĺěň ¡šĺţ őŕěřăűĺľ ć ěćłńĺďőćőň ŕřőśšřăŋśšćě.

Őŕěřăűĺ£ ŕěřěśšăŋőćłĺ šőůěł ňşńĳšĺćěłšőřă ňőęěš ążšĳ ¡ťťěłšĺćŋő őŕřěďěńěŋă ć σ-ŕřőśšřăŋśšćě. Řăśśňőšřĺň ďćă ňşńĳšĺćěłšőřă −→P^n = −−−−−−−−→P_0P_1P_2...P_n ĺ −−−−→ P^n_{(1↔2)} = −−−−−−−−−−−→ P_0P_2P_1P_3P_4...P_n n-őčő ŕőř£ďłă (n ≥ 2), őšńĺůă¿źĺěś£ ŕőř£ďłőň šőůěł P_1 ĺ P_2. Šőčďă (−→P^n.−→Q^n) = det ‖ `(P_0, P_i, Q_k) ‖, i, k = 1, 2, ...n, ∀Q^n ⊂ ˙, (2.22) (−−−−→ P^n_{(1↔2)}. −→ Q^n) = det ‖ `(P_0, P^′_i , Q_k) ‖, i, k = 1, 2, ...n, n ≥ 2, ∀Q^n ⊂ ˙. (2.23) Ğďěśĳ şŕőř£ďőůěŋŋőě ňŋőęěśšćő šőůěł {P^′_i } i = 1, 2, ...n ŕőńşůăěšś£ ĺğ şŕőř£ďőůěŋŋőčő ňŋőęěśšćă šőůěł {P_i} i = 1, 2, ...n ŕěřěśšăŋőćłőľ šőůěł P_1 ĺ P_2. İšő őğŋăůăěš, ůšő őŕřěďěńĺšěńĳ (2.23) ŕőńşůăěšś£ ĺğ őŕřěďěńĺšěń£ (2.22) ŕěřěśšăŋőćłőľ ŕěřćőľ ĺ ćšőřőľ śšřőł. Őšś¿ďă śńěďşěš, ůšő (−→P^n.−→Q^n) = −(−−−−→P^n_{(1↔2)}.−→Q^n), n ≥ 2, ∀Q^n ⊂ ˙. (2.24) Ŕőśłőńĳłş −→Q^n ěśšĳ ŕřőĺğćőńĳŋżľ ňşńĳšĺćěłšőř, šő śőőšŋőÿěŋĺě (2.24) ňőęŋő ğăŕĺśăšĳ ć ćĺďě −→ P^n = − −−−−→ P^n_{(1↔2)}, n ≥ 2. (2.25)

Őŋő ňőęěš ĺŋšěřŕřěšĺřőćăšĳś£ ć šőň śňżśńě, ůšő ŕěřěśšăŋőćłă ń¿ążţ ďćşţ šőůěł P_i ĺ P_k i, k = 1, 2, ...n, (n ≥ 2) (łřőňě ŋăůăńă P_0 ) ć ňşńĳšĺćěłšőřě −→P^n ŕřĺćőďĺš ł ĺğňěŋěŋĺ¿ ěčő ğŋăłă. Ŕřĺ ¡šőň őšřĺűăšěńĳŋżľ ğŋăł ňşńĳšĺćěłšőřă őğŋăůăěš, ŕő őŕřěďěńěŋĺ¿, ůšő (−−→P^n.−→Q^n) = −(−→P^n.−→Q^n), ∀Q^n ⊂ ˙. (2.26) Ŕěřěśšăŋőćłă šőůěł P_0 ĺ P_1 ć ňşńĳšĺćěłšőřě −→P^n, (n ≥ 2) ŕřěćřăźăěš ěčő ć ňşńĳšĺćěłšőř −−−−→P^n_{(0↔1)}, ĺňě¿źĺľ ŋăůăńő ć šőůłě P_1. Śšřőčő čőćőř£, ňşńĳšĺćěłšőřż −→P^n ĺ −−−−→P^n_{(0↔1)} ŋěńĳğ£ śřăćŋĺćăšĳ ć šőůłě P_0. Őďŋăłő, őŋĺ ĺňě¿š őąźĺě šőůłĺ P_2, P_3, ...P_n ĺ ňőęŋő śřăćŋĺćăšĳ ĺţ ć ¡šĺţ šőůłăţ, őąřăğş£ śłăń£řŋőě ŕřőĺğćěďěŋĺě ś ňşńĳšĺćěłšőřőň −→Q^n, ĺňě¿źĺň ŋăůăńő, ŋăŕřĺňěř, ć šőůłě P_2 (Q_2 = P_2) (−→P^n.−→Q^n)_{P2} = det ‖` (P_2, P_i, Q_k)‖ , i, k = 0, 1, 3, 4, ...n, n ≥ 2, (2.27)

(−−−−→ P^n_{(0↔1)}.−→Q^n)_{P2} = det ‖ `(P_2, P^′_i , Q_k) ‖, i, k = 0, 1, 3, 4, ...n, n ≥ 2, (2.28) čďě P^′_0 = P_1, P^′_1 = P_0, P^′_i = P_i, i = 3, 4, ...n, ă ĺŋďěłś P_2 ŕőłăğżćăěš, ůšő šőůłă P_2 řăśśňăšřĺćăěšś£ łăł ŋăůăńő ňşńĳšĺćěłšőřă −→Q^n. Śřăćŋěŋĺě ŕřăćżţ ůăśšěľ řăćěŋśšć (2.27) ĺ (2.28) ŕőłăğżćăěš, ůšő (−→P^n.−→Q^n)_{P2} = −(−−−−→P^n_{(0↔1)}.−→Q^n)_{P2} , n ≥ 2. Šőš ęě řěğşńĳšăš ąşďěš ŕőńşůěŋ, ěśńĺ ć łăůěśšćě ŋăůăńă ćżąřăšĳ ń¿ąş¿ ĺğ šőůěł P_i i = 3, 4, ...n. İšő őğŋăůăěš, ůšő śőőšŋőÿěŋĺě (2.25) ćěřŋő ďń£ ŕěřěśšăŋőćłĺ ń¿ążţ ďćşţ šőůěł ňşńĳšĺćěłšőřă −→P^n, ĺ ňőęŋő ğăŕĺśăšĳ −−−→ P^n_{(i↔k)} = − −→ P^n, i, k = 0, 1, ...n, i ≠ k, n ≥ 2. (2.29) Šăłĺň őąřăğőň, ĺğňěŋěŋĺě ğŋăłă ňşńĳšĺćěłšőřă ŕőř£ďłă n ≥ 2 (şňŋőęěŋĺě ŋă ůĺśńő a = −1) ćśěčďă ňőęěš ążšĳ őŕřěďěńěŋő łăł ŋěůěšŋă£ ŕěřěśšăŋőćłă šőůěł.

Ďń£ ćěłšőřă (ňşńĳšĺćěłšőřă ŕěřćőčő ŕőř£ďłă) şňŋőęěŋĺě (2.21) ŋă ůĺśńő a = −1 őŕřěďěń£ěšś£ ŕř£ňő łăł ŕěřěśšăŋőćłă ŋăůăńă ĺ łőŋűă ćěłšőřă ś ŕőňőźĳ¿ śőőšŋőÿěŋĺľ −P_0P_1 = P_1P_0, ůšő ŕő őŕřěďěńěŋĺ¿ őğŋăůăěš, ůšő

(−P_0P_1.P_0Q) = − (P_0P_1.P_0Q) = −σ (P_0, P_1)− σ (P_0, Q)+ σ (P_1, Q) , ∀Q ∈ ˙,

(−P_0P_1.P_1Q) = (P_1P_0.P_1Q) = σ (P_1, P_0) + σ (P_1, Q) − σ (P_0, Q) , ∀Q ∈ ˙. Šăłĺň őąřăğőň, şňŋőęěŋĺě ń¿ąőčő ňşńĳšĺćěłšőřă ŋă ůĺśńő a = ±1 ćśěčďă ňőęŋő őŕřěďěńĺšĳ ć σ-ŕřőśšřăŋśšćě łăł řěğşńĳšăš ŕěřěśšăŋőćłĺ šőůěł, őąřăğş¿źĺţ ňşńĳšĺćěłšőř.

Ć śőąśšćěŋŋő ěćłńĺďőćőň ŕřőśšřăŋśšćě, čďě ňşńĳšĺćěłšőř őŕřěďěń£ěšś£ ć ćĺďě −→ P^n = i=n⋀ i=1 P_0P_i (2.30)

őŋ ăŋšĺśĺňňěšřĺůěŋ őšŋőśĺšěńĳŋő ŕěřěśšăŋőćłĺ ń¿ążţ ďćşţ ĺŋďěłśőć i, k = 0, 1, ...n, i ≠ k. Ďń£ ĺŋďěłśőć i, k = 1, 2, ...n, ¡šő śńěďşěš ĺğ śćőľśšć őŕěřăűĺĺ ćŋěÿŋěčő şňŋőęěŋĺ£.

Ďń£ ŕěřěśšăŋőćłĺ šőůěł P_0 ↔ P_1 ĺňěěň −−−−→ P^n_{(0↔1)} = P_1P_0 i=n⋀ i=2 P_1P_i = −P_0P_1 i=n⋀ i=2 (P_0P_i − P_0P_1) =

−P_0P_1 i=n⋀ i=2 P_0P_i = −−→P^n (2.31)

Ăŋăńőčĺůŋżľ řěğşńĳšăš ŕőńşůăěšś£ ďń£ ŕěřěśšăŋőćłĺ šőůěł P_0 ↔ P_i, i = 1, 2, ...n. Ĺšăł, ňşńĳšĺćěłšőř ć σ-ŕřőśšřăŋśšćě ěśšĳ čěőňěšřĺůěśłĺľ őąžěłš ăŋšĺśĺňňěšřĺůŋżľ őšŋőśĺšěńĳŋő ŕěřěśšăŋőćłĺ ń¿ąőľ ŕăřż šőůěł.

Őŕřěďěńěŋĺě 2.17 . n + 1 šőůěł P^n , P_i ∈ ˙ (i = 0, 1, ..n) őąřăğş¿š (n + 1)- šőůěůŋżľ σ-ąăğĺś šřşąłĺ ć σ-ŕřőśšřăŋśšćě, ěśńĺ ňşńĳšĺćěłšőř −→ P^n ĺňěěš ŋěŋşńěćş¿ ďńĺŋş |−→P^n|^2 ≡ F_n(P^n) ≠ 0. (2.32)

Ŕřőĺńń¿śšřĺřşěň ¡šő őŕřěďěńěŋĺě ąăğĺśă šřşąłĺ ŋă ŕřĺňěřě D-ňěřŋőčő śőąśšćěŋŋő ěćłńĺďőćă ŕřőśšřăŋśšćă. Ŕşśšĳ ğăďăŋő n ćěłšőřőć e_i = P_0P_i, i = 1, 2, . . . n ć D-ňěřŋőň śőąśšćěŋŋő ěćłńĺďőćőň ŕřőśšřăŋśšćě (n ≤ D). Ć ¡šőň śńşůăě (1.6) ěśšĳ őŕřěďěńĺšěńĳ Čřăňă

F_n(P^n) = det ‖ (e_i.e_k) ‖= (n!S_n(P^n))^2, i, k = 1, 2, . . . n (2.33)

ă S_n ěśšĳ őąžěň (n+1)-¡ďřă ś ćěřÿĺŋăňĺ ć šőůłăţ P^n. Őąřăźěŋĺě ć ŋşńĳ ¡šőčő őŕřěďěńĺšěń£ ěśšĳ ŋěőąţőďĺňőě ĺ ďőśšăšőůŋőě şśńőćĺě ńĺŋěľŋőľ ŋěğăćĺśĺňőśšĺ ćěłšőřőć e_i, (i = 1, 2, . . . n) ć śőąśšćěŋŋő ěćłńĺďőćőň ŕřőśšřăŋśšćě.

Ěśńĺ şśńőćĺě (2.32) ćżŕőńŋěŋő, šő n ćěłšőřőć e_i ńĺŋěľŋő ŋěğăćĺśĺňż ĺ ňőčşš śńşęĺšĳ ć łăůěśšćě ąăğĺśă ć n-ňěřŋőľ ŕńőśłőśšĺ L(P^n), ŕřőţőď£źěľ ůěřěğ šőůłĺ P^n. Ć ůăśšŋőśšĺ, ěśńĺ ć łăůěśšćě śĺśšěňż łőőřďĺŋăšŋżţ ćěłšőřőć ďń£ ćżřăęěŋĺ£ (2.12) ĺśŕőńĳğőćăŋż ćěłšőřż e_i = P_0P_i, (i = 1, 2, . . . D) (D + 1)- šőůěůŋőčő σ-ąăğĺśă šřşąłĺ P^D, šő, łăł ńěčłő ŕřőćěřĺšĳ ś ŕőňőźĳ¿ (2.2) ĺ (2.12)

(e_i.e_k) = (P_0P_i.P_0P_k ) = g_{ik} (P^D) = `(P_0, P_i, P_k ), i, k = 1, 2, . . . D (2.34)

Őŕřěďěńěŋĺě 2.18 . Šřşąłőľ T (P^n) n-őčő ŕőř£ďłă (n=0,1,. . . ), őąřăğőćăŋŋőľ (n + 1)-šőůěůŋżň σ-ąăğĺśőň šřşąłĺ P^n ⊂ ˙ (ĺńĺ ňşńĳšĺćěłšőřőň n-őčő ŕőř£ďłă −→P^n ⊂ ˙), ŋăğżćăěšś£ ňŋőęěśšćő šőůěł P ∈˙

T (P^n) ≡ T_Pn = {P | F_{n+1}(P, P^n) = 0}, F_n(P^n) ≠ 0. (2.35)

Śőőšŋőÿěŋĺě (2.35) ňőęěš ążšĳ ğăŕĺśăŋő šăłęě ć šěřňĺŋăţ ňşńĳšĺćěłšőřă −→P^n

T (P^n) = { P_{n+1} | | || −−−→ P^{n+1}| = 0 } , | −→ P^n| ≠ 0. (2.36)

Šřşąłă T (P^n) ŕřěďśšăćń£ěš śőąőľ ěśšěśšćěŋŋżľ čěőňěšřĺůěśłĺľ őąžěłš (ĚČŐ) n-őčő ŕőř£ďłă, š.ě. ňŋőęěśšćő šőůěł, őŕřěďěń£ěňőě čěőňěšřĺěľ ĺ ŕăřăňěšřăňĺ: n + 1 šőůłăňĺ P^n. Ŋăąőř ćśěţ ćőğňőęŋżţ ĚČŐ ŕřěďśšăćń£ěš ŋăąőř σ-ĺňňăŋěŋšŋżţ čěőňěšřĺůěśłňţ őąžěłšőć ŋă ňŋőęěśšćě ˙. Łăęďżľ ĚČŐ śőďěřęĺš ŕő łřăľŋěľ ňěřě ąăğĺśŋżě šőůłĺ P^n.

Őŕřěďěńěŋĺě 2.19 . Śěůěŋĺěň S_{n;P} šřşąłĺ T (P^n) ć šőůłě P ∈ T (P^n) ŋăğżćăěšś£ ňŋőęěśšćő S_{n;P} (T (P^n)) šőůěł, ŕřĺŋăďńěęăźĺţ šřşąłě T (P^n)

S_{n;P} (T (P^n)) = {P^′ | l=n⋀ l=0 σ(P_l, P^′) = σ(P_l, P )}, P, P^′ ∈ T (P^n). (2.37)

Ć śőąśšćěŋŋő ěćłńĺďőćőň ŕřőśšřăŋśšćě šřşąłă n-őčő ŕőř£ďłă ěśšĳ n-ňěřŋă£ ŕńőśłőśšĳ, śőďěřęăźă£ šőůłĺ P^n , ă ěě śěůěŋĺě S_{n;P} (T (P^n)) ć šőůłě P śőśšőĺš ĺğ őďŋőľ ¡šőľ šőůłĺ P .

Ŋăĺąőńěě ĺŋšěřěśŋż ĺ ćăęŋż šřşąłĺ ŋşńěćőčő ĺ ŕěřćőčő ŕőř£ďłă. Ďń£ F_1 ŕőńşůăěň ĺğ (1.6) ĺ (2.2)

F_1(P_0, P_1) = 2σ(P_0, P_1)

Šőčďă T (P_0) ≡ T_{P0} = {P | σ(P_0, P ) = 0}, (2.38)

Ć śőąśšćěŋŋő ěćłńĺďőćőň ŕřőśšřăŋśšćě šřşąłă ŋşńěćőčő ŕőř£ďłă T_{P0} = {P_0} śőśšőĺš ĺğ őďŋőľ šőůłĺ P_0, ĺ ěě śěůěŋĺě S_{0;P0} (T_{p0} ) = {P_0} šőęě śőśšőĺš ĺğ őďŋőľ šőůłĺ P_0. Őďŋăłő ć ŕśěćďő-ěćłńĺďőćőň ŕřőśšřăŋśšćě, łăłĺň £ćń£ěšś£ ŕřőśšřăŋśšćő-ćřěň£ ć śŕěűĺăńĳŋőľ šěőřĺĺ őšŋőśĺšěńĳŋőśšĺ, T_{P0} ěśšĳ śćěšőćőľ łőŋşś ś ćěřÿĺŋőľ ć šőůłě P_0, ĺ ěčő śěůěŋĺě

S_{0;P} (T (P_0)) = {P^′ | σ(P_0, P^′) = 0 ∧ σ(P_0, P^′) = σ(P_0, P )} = T_{P0}

śőćŕăďăěš śő śćěšőćżň łőŋşśőň.

Ć őŕĺśăŋĺĺ šřşąőł ŕěřćőčő ŕőř£ďłă şďőąŋő ĺśŕőńĳğőćăšĳ šő őąśšő£šěńĳśšćő, ůšő ťşŋłűĺ£ F_2(P^2) ňőęěš ążšĳ ŕřěďśšăćńěŋă ć ćĺďě ŕřőĺğćěďěŋĺ£

F_2(P_0, P_1, P_2) = S_+(P_0, P_1, P_2)S_2(P_0, P_1, P_2)S_2(P_1, P_2, P_0)S_2(P_2, P_0, P_1) (2.39) čďě S_+(P_0, P_1, P_2) = S(P_0, P_1) + S(P_1, P_2) + S(P_0, P_2) (2.40)

S_2(P_0, P_1, P_2) = S(P_0, P_1) + S(P_1, P_2) − S(P_0, P_2) (2.41)

čďě S = √ 2σ. S_+ őąřăźăěšś£ ć ŋşńĳ ńĺÿĳ ć šőň śńşůăě, ěśńĺ őąřăźăěšś£ ć ŋşńĳ łăęďőě śńăčăěňőě ć (2.40). Šőčďă ŋĺłăłĺě ďćě šőůłĺ ŋě őąřăğş¿š σ-ąăğĺśă, ĺ šřşąłă ŋě őŕřěďěńěŋă. Šřşąłş T (P^2) ňőęŋő ŕřěďśšăćĺšĳ łăł śőśšő£źş¿ ĺğ ůăśšěľ, ĺ łăęďżľ ĺğ śőňŋőęĺšěńěľ ć (2.39) (łřőňě S_+) őšćěšśšćěŋěŋ ğă őďŋş ĺğ ěě ůăśšěľ.

Ŕőńőęĺň T_{[P0P1]} = T_{[P1P0]} = {P | S_2(P_0, P, P_1) = 0} (2.42)

T_{P0[P1} = T_{P1]P0} = {P | S_2(P_0, P_1, P ) = 0} (2.43)

Ąşďěň ŋăğżćăšĳ T_{[P0P1]} śěčňěŋšőň šřşąłĺ ňěęďş šőůłăňĺ P_0, P_1, ă T_{P0[P1} ńşůőň šřşąłĺ, ćżţőď£źĺň ĺğ P_1 ć ŋăŕřăćńěŋĺĺ őš šőůłĺ P_0.

Ĺğ (2.39), (2.42), (2.43) őůěćĺďŋő, ůšő

T_{P0P1} = T_{P0]P1} ⋃ T_{[P0P1]} ⋃ T_{P0[P1} (2.44)

Ŕőśłőńĳłş śőőšŋőÿěŋĺě (2.6) ¡łćĺćăńěŋšŋő şřăćŋěŋĺ¿ F_2(P^2) = F_2(P_2, P^1) = 0, šő šřşąłă ŕěřćőčő ŕőř£ďłă T_{P0P1} ňőęěš ążšĳ šăłęě őŕřěďěńěŋă łăł ňŋőęěśšćő šőůěł P šăłĺţ, ůšő P_0P ‖ P_0P_1

T_{P0P1} = {P | P_0P_1 ‖ P_0P} (2.45)

ă ďń£ ńşůěľ šřşąłĺ ňőčşš ążšĳ ĺśŕőńĳğőćăŋż őŕřěďěńěŋĺ£

T_{P0[P1} = {P | P_1P ↑↓ P_1P_0} (2.46)

T_{[P0P1} = {P | P_0P ↑↑ P_0P_1} (2.47)

Őŕřěďěńěŋĺě 2.20 . Őřĺěŋšĺřőćăŋŋżň śěčňěŋšőň −−−→T_{[P0P1]} šřşąłĺ ŕěřćőčő ŕőř£ďłă, őąřăğőćăŋŋőľ ćěłšőřőň −−→P_0P_1 ⊂ ˙ ŋěŋşńěćőľ ďńĺŋż, ŋăğżćăěšś£ śőćőłşŕŋőśšĳ {−−→P_0P_1, T_{[P0P1]}} ćěłšőřă −−→P_0P_1 ĺ śěčňěŋšă T_{[P0P1]}, őąřăğőćăŋŋőčő ¡šĺň ćěłšőřőň. Ďńĺŋőľ őřĺěŋšĺřőćăŋŋőčő śěčňěŋšă −−−→T_{[P0P1]} ŋăğżćăěšś£ ćěńĺůĺŋă |−−−→ T_{[P0P1]}| = |−−→P_0P_1| = √ 2σ(P_0, P_1). (2.48)

Śłăń£řŋżň σ-ŕřőĺğćěďěŋĺěň (−−−→T_{[P0P1]}.−−→P_0Q) őřĺěŋšĺřőćăŋŋőčő śěčňěŋšă −−−→T_{[P0P1]} ĺ ćěłšőřă −−→P_0Q ŋăğżćăěšś£ ůĺśńő (−−−→ T_{[P0P1]}.−−→P_0Q) = (−−→P_0P_1.−−→P_0Q) = σ(P_0, P_1) + σ(P_0, Q) − σ(P_1, Q), P_0, P_1, P, Q ∈˙ (2.49) Śłăń£řŋżň σ-ŕřőĺğćěďěŋĺěň (−−−→T_{[P0P1]}.−−→P_1Q) őřĺěŋšĺřőćăŋŋőčő śěčňěŋšă −−−→T_{[P0P1]} ĺ ćěłšőřă −−→P_1Q ŋăğżćăěšś£ ůĺśńő (−−−→ T_{[P0P1]}.−−→P_1Q) = −(−−→P_1P_0.−−→P_1Q) = −σ(P_0, P_1)−σ(P_1, Q)+σ(P_0, Q), P_0, P_1, P, Q ∈ ˙. (2.50)

Ďřşčĺňĺ śńőćăňĺ, −−−→T_{[P0P1]} = −−−−→T_{[P1P0]}.

Ŕřĺ őŕĺśăŋĺĺ ć šěřňĺŋăţ ďĺťťěřěŋűĺăńĳŋőľ čěőňěšřĺĺ čěőďěğĺůěśłă£ ć D-ňěřŋőň řĺňăŋőćőň ŕřőśšřăŋśšćě řăśśňăšřĺćăěšś£ łăł őśőążľ ćĺď łřĺćőľ, őąńăďă¿źěľ cńěďş¿źĺňĺ śćőľśšćăňĺ.

(i) İłśšřěňăńĳŋőśšĳ. Řăśśšő£ŋĺě (2σ)^{1/2}, ĺğňěřěŋŋőě ňěęďş ďćşň£ šőůłăňĺ ćďőńĳ čěőďěğĺůěśłőľ, £ćń£ěšś£ łřăšůăľÿĺň (¡łśšřěňăńĳŋżň) ŕő śřăćŋěŋĺ¿ ś řăśśšő£ŋĺěň, ĺğňěřěŋŋżň ćďőńĳ ďřşčĺţ łřĺćżţ.

(ii) Őŕřěďěńěŋŋőśšĳ. Ń¿ążě ďćě řăğńĺůŋżě šőůłĺ čěőďěğĺůěśłőľ őďŋőğŋăůŋő őŕřěďěń£¿š čěőďěğĺůěśłş¿, ŕřőţőď£źş¿ ůěřěğ ¡šĺ šőůłĺ.

(iii) Ňĺŋĺňăńĳŋőśšĳ śěůěŋĺ£ (őďŋőňěřŋőśšĳ). Ćś£łőě śěůěŋĺě čěőďěğĺůěśłőľ śőśšőĺš ĺğ őďŋőľ šőůłĺ.

Ŕřĺ šřăďĺűĺőŋŋőň ŕőďţőďě śćőľśšćő (ii) ěśšĳ śńěďśšćĺě śćőľśšćă (i) (ďń£ ďőśšăšőůŋő ňăńżţ őąńăśšěľ ŕřőśšřăŋśšćă), őďŋăłő, śćőľśšćő (iii) ěśšĳ śćőľśšćő ń¿ąőľ łřĺćőľ (ă ŋě šőńĳłő čěőďěğĺůěśłőľ).

Ć Š-čěőňěšřĺĺ čěőďěğĺůěśłă£ řăśśňăšřĺćăěšś£ łăł őśőążľ ćĺď šřşąłĺ, ćżřőęďă¿źěľś£ ć ńĺŋĺ¿. Šőčďă ŕřěďŕőńăčăěšś£, ůšő śćőľśšćă (ii) ĺ (iii) ćżŕőńŋěŋż. Śćőľśšćő (i) ŋě őŕřěďěńěŋő, šăł łăł ŋě őŕřěďěńěŋő ŕőŋ£šĺě ńĺŋĺĺ.

Ŕőŕżšăěňś£ őŕřěďěńĺšĳ čěőďěğĺůěśłş¿ łăł šřşąłş, őąńăďă¿źş¿ őďŋőćřěňěŋŋő śćőľśšćőň őŕřěďěńěŋŋőśšĺ ĺ ňĺŋĺňăńĳŋőśšĺ śěůěŋĺ£.

Őŕřěďěńěŋĺě 2.21 . Šřşąłă T (P^n) őąńăďăěš śćőľśšćőň őŕřěďěńěŋŋőśšĺ, ěśńĺ ďń£ ń¿ąőčő (n + 1)-šőůěůŋőčő σ-ąăğĺśă šřşąłĺ Q^n ⊂ T (P^n) (ĺńĺ ďń£ ń¿ąőčő ňşńĳšĺćěłšőřă −→ Q^n ⊂ T (P^n) ŋěŋşńěćőľ ďńĺŋż) ćżŕőńŋěŋő şśńőćĺě

T (Q^n) = T (P^n) (2.51)

Őŕřěďěńěŋĺě 2.22 . Šřşąłă T (P^n) őąńăďăěš śćőľśšćőň ňĺŋĺňăńĳŋőśšĺ śěůěŋĺ£, ěśńĺ ∀P ∈ T (P^n)

S_{n;P} (T (P^n)) = {P }, ∀P ∈ P^n (2.52)

Őŕřěďěńěŋĺě 2.23 . σ-ŕřőśšřăŋśšćő ¡łśšřěňăńĳŋő ŋă šřşąłě T (P^n), ěśńĺ ďń£ T (P^n) ćżŕőńŋěŋż şśńőćĺ£ őŕřěďěńěŋŋőśšĺ ĺ ňĺŋĺňăńĳŋőśšĺ śěůěŋĺ£.

Őŕřěďěńěŋĺě 2.24 . σ-ŕřőśšřăŋśšćő ¡łśšřěňăńĳŋő ŋă ňŋőęěśšćě T šřşąőł T (P^n), ěśńĺ őŋő ¡łśšřěňăńĳŋő ŋă łăęďőľ ĺğ šřşąőł ňŋőęěśšćă T .

Őŕřěďěńěŋĺě 2.25 . σ-ŕřőśšřăŋśšćő ¡łśšřěňăńĳŋő ć n-őň ŕőř£ďłě, ěśńĺ őŋő ¡łśšřěňăńĳŋő ŋă ćśěţ šřşąłăţ T (P^n), n-őčő ŕőř£ďłă.

Őŕřěďěńěŋĺě 2.26 . Šřşąłă T (P^n) ŋăğżćăěšś£ čěőďěğĺůěśłőľ šřşąłőľ L(P^n), ěśńĺ σ-ŕřőśšřăŋśšćő ¡łśšřěňăńĳŋő ŋă šřşąłě T (P^n).

3 Ěćłńĺďőćő ŕřőśšřăŋśšćő łăł śŕěűĺăńĳŋżľ śńşůăľ œ-ŕřőśšřăŋśšćă.

Őŕřěďěńěŋĺě 3.1 . n-ňěřŋőě ěćłńĺďőćő ŕřőśšřăŋśšćő E_n ěśšĳ ňŋőęěśšćő

R^n ćśěţ şŕőř£ďőůěŋŋżţ ňŋőęěśšć x = {x1, x2, . . . xn} ĺğ n ćěźěśšćěŋŋżţ ůĺśěń,

ŋă łőšőřőň ďń£ ∀x ∈ R^n, ∀y ∈ R^n ğăďăŋă ćěźěśšćěŋŋă£ ťşŋłűĺ£ σ: σ(x, y) = 1 2 n∑ i,k=1 g^{ik} (x_i − y_i)(x_k − y_k), g^{ik} = const, i, k = 1, 2, . . . n (3.1)

det ‖ g_{ik} ‖= (det ‖ g^{ik} ‖)^{−1} ≠ 0 (3.2)

Ťşŋłűĺ£ σ ŋăğżćăěšś£ ňĺřőćőľ ťşŋłűĺěľ ĺńĺ ŕřőśšő σ-ťşŋłűĺěľ. n-ňěřŋőě ěćłńĺďőćő ŕřőśšřăŋśšćő E_n £ćń£ěšś£ őďŋőćřěňěŋŋő σ-ŕřőśšřăŋśšćőň E_n = {σ, R^n}.

Ğăňěůăŋĺě. Ŕřĺćěďěŋŋőě őŕřěďěńěŋĺě őůěćĺďŋżň őąřăğőň ¡łćĺćăńěŋšŋő őŕřěďěńěŋĺ¿ n-ňěřŋőčő ěćłńĺďőćă ŕřőśšřăŋśšćă E_n łăł n-ňěřŋőčő ńĺŋěľŋőčő ŕřőśšřăŋśšćă R^n ćěłšőřőć x = {x_1, x_2, . . . , x_n} ∈ R^n ś ğăďăŋŋżň ŋă ŋěň śłăń£řŋżň ŕřőĺğćěďěŋĺěň (x.y) ćěłšőřőć x, y ∈ R^n (x.y) = n∑ i,k=1 g^{ik}x_iy_k = σ(0, x)+σ(0, y)−σ(x, y), g^{ik} = const, i, k = 1, 2, . . . n (3.3) čďě σ ğăďăŋő śőőšŋőÿěŋĺěň (3.1).

Ěćłńĺďőćő ŕřőśšřăŋśšćő E_n = {σ, ˙}, (˙ = R^n), řăśśňăšřĺćăěňőě łăł σŕřőśšřăŋśšćő, őąńăďăěš śńěďş¿źĺňĺ śćőľśšćăňĺ ∃P^n ⊂ ˙, F_n(P^n) ≠ 0, F_{n+1}(˙^{n+2}) = 0, (3.4) σ(P, Q) = 1 2 n∑ i,k=1 g^{ik}(P^n)[`(P_0, P_i, P ) − `(P_0, P_i, Q)]

×[`(P_0, P_k, P ) − `(P_0, P_k, Q)], ∀P, Q ∈ ˙ (3.5) `(P_0, P, Q) = n∑ i,k=1 g^{ik}(P^n)`(P_0, P_i, P )`(P_0, P_k , Q), ∀P, Q ∈ ˙, (3.6)

čďě P^n ěśšĳ ŋěłőšőřżľ (n + 1)-šőůěůŋżľ σ-ąăğĺś ć ˙ = R^n ć śňżśńě őŕřěďěńěŋĺ£ (2.32), š.ě. F_n(P^n) ≠ 0, ă ćěńĺůĺŋż `(P_0, P_k, P ) őŕřěďěńěŋż śőőšŋőÿěŋĺ£ňĺ (2.2). Ŕřĺ ¡šőň (n + 1)-šőůěůŋőňş σ-ąăğĺśş P^n śőőšćěšśšćşěš ąăğĺś ĺğ n ćěłšőřőć e_i = P_0P_i, P_i ∈ P^n, i = 1, 2, . . . n (3.7) ĺ x_i = x_i(P ) = (P_0P.e_i) = `(P_0, P, P_i), i = 1, 2, . . . n, ∀P ∈ ˙ (3.8) śşšĳ łőćăřĺăŋšŋżě łőőřďĺŋăšż ćěłšőřă P_0P ć ¡šőň ąăğĺśě. Ćěńĺůĺŋż g_{ik} = g_{ik} (P^n) = (e_i.e_k) = `(P_0, P_i, P_k ), i, k = 1, 2, . . . n (3.9) śşšĳ łőćăřĺăŋšŋżě łőňŕőŋěŋšż ňěšřĺůěśłőčő šěŋğőřă ć ¡šőň ąăğĺśě P^n. Ŕřĺ ¡šőň šăł łăł P^n ěśšĳ σ-ąăğĺś šřşąłĺ, šő ć śĺńş (2.32), (2.33) ćżŕőńŋěŋő şśńőćĺě F_n(P^n) ≡ det ‖ g_{ik} (P^n) ‖≠ 0, i, k = 1, 2, . . . n (3.10) ĺ ňőęŋő őŕřěďěńĺšĳ łőŋšřăćăřĺăŋšŋżě łőňŕőŋěŋšż g^{ik} = g^{ik}(P^n) ňěšřĺůěśłőčő šěŋğőřă ś ŕőňőźĳ¿ śőőšŋőÿěŋĺ£ n∑ k=1 g_{ik} (P^n)g^{kl}(P^n) = δ^l_i, i, l = 1, 2, . . . n (3.11)

Şśńőćĺ£ (3.5) ĺ (3.6) ¡łćĺćăńěŋšŋż, łăł ¡šő śńěďşěš ĺğ (2.2). Őŕřěďěńěŋĺě 3.2 . σ-ŕřőśšřăŋśšćő V = {σ, ˙} ĺňěěš śšřşłšşřş n-ňěřŋőčő ěćłńĺďőćă ŕřőśšřăŋśšćă ŋă ˙, ěśńĺ śşźěśšćşěš šăłőľ (n + 1)-šőůěůŋżľ σąăğĺś šřşąłĺ P^n ⊂ ˙, ůšő ďń£ ∀P, ∀Q ∈ ˙ ćżŕőńŋěŋő şśńőćĺě (3.6) σ-ŕřőśšřăŋśšćő V , ĺňě¿źěě śšřşłšşřş n-ňěřŋőčő ěćłńĺďőćă ŕřőśšřăŋśšćă, ŋě őą£ğăšěńĳŋő ěćłńĺďőćő, š.ł. ćğăĺňŋő őďŋőğŋăůŋőčő śőőšćěšśšćĺ£ ňěęďş šőůłăňĺ P ∈ ˙ ĺ ĺţ łőőřďĺŋăšăňĺ x ∈ R^n ňőęěš ŋě ążšĳ. Ŋăŕřĺňěř, ďćě šőůłĺ P ĺ P^′ ňőčşš ĺňěšĳ őďĺŋăłőćżě łőőřďĺŋăšż ĺ őšőąřăęăšĳś£ ć őďŋş šőůłş x ěćłńĺďőćă ŕřőśšřăŋśšćă E_n = {σ, R^n}.

Ŋăłőŋěű, šřěšĳě śćőľśšćő ěćłńĺďőćă ŕřőśšřăŋśšćă E_n = {σ, R^n} őğŋăůăěš, ůšő śőőšŋőÿěŋĺ£

`(P_0, P_i, P ) = x_i, x_i ∈ R, i = 1, 2, . . . n, (3.12)

řăśśňăšřĺćăěňżě łăł şřăćŋěŋĺ£ ďń£ P ∈ ˙ = R^n, ćśěčďă ĺňě¿š őďŋő ĺ šőńĳłő őďŋő řěÿěŋĺě.

Ğăňěšĺň, ůšő ćśě šřĺ şśńőćĺ£ ğăŕĺśăŋż ć σ-ĺňňăŋěŋšŋőľ ťőřňě ĺ £ćń£¿šś£ ŋěőąţőďĺňżňĺ śćőľśšćăňĺ ěćłńĺďőćă ŕřőśšřăŋśšćă. Ć ¡šőľ ść£ğĺ ňőęŋő ŕőśšăćĺšĳ ćőŕřőś ő šőň, ć łăłőľ ňěřě ¡šĺ šřĺ şśńőćĺ£ £ćń£¿šś£ ďőśšăšőůŋżňĺ ďń£ šőčő, ůšőąż σ-ŕřőśšřăŋśšćő {σ, ˙}, ążńő ěćłńĺďőćżň ŕřőśšřăŋśšćőň. Őšćěš ďăěšś£ šěőřěňőľ.

Šěőřěňă 3.1 Ďń£ šőčő, ůšőąż σ-ŕřőśšřăŋśšćő {σ, ˙} ążńő n-ňěřŋżň ěćłńĺďőćżň ŕřőśšřăŋśšćőň, ŋěőąţőďĺňő ĺ ďőśšăšőůŋő, ůšőąż ćżŕőńŋ£ńĺśĳ şśńőćĺ£ (3.4), (3.5) ĺ (3.12).

Ďőłăğăšěńĳśšćő. Ŋěőąţőďĺňőśšĳ şśńőćĺľ (3.4), (3.5) ĺ (3.12) ŕřőćěř£ěšś£ ŕř£ňőľ ŕőďśšăŋőćłőľ ňĺřőćőľ ťşŋłűĺĺ σ ďń£ n-ňěřŋőčő ěćłńĺďőćă ŕřőśšřăŋśšćă E_n = {σ, R^n}.

Ďőśšăšőůŋőśšĳ. Ŕşśšĳ P^n ěśšĳ ŋěłőšőřżľ (n+1)-šőůěůŋżľ σ-ąăğĺś šřşąłĺ ć σ-ŕřőśšřăŋśšćě {σ, ˙} ĺ P, Q ∈ ˙ { ďćě ŕřőĺğćőńĳŋżě šőůłĺ. Ććěďěň ĺţ łőćăřĺăŋšŋżě łőőřďĺŋăšż ć P^n ś ŕőňőźĳ¿ śőőšŋőÿěŋĺľ šĺŕă (3.8)

x_i = `(P_0, P_i, P ), y_i = `(P_0, P_i, Q), i = 1, 2, . . . n, ∀P, Q ∈ ˙ (3.13)

Ŕőśńě ¡šőčő śőőšŋőÿěŋĺě (3.6) ŕěřěŕĺśżćěšś£ ć ćĺďě (x.y) = n∑ i,k=1 g^{ik} x_iy_k, g^{ik} = g^{ik} (P^n)const, i, k = 1, 2, . . . n (3.14)

Ć śĺńş şśńőćĺ£ (3.12) łăęďőľ šőůłě P ∈ ˙ śőőšćěšśšćşěš őďŋă ĺ šőńĳłő őďŋă šőůłă x ∈ R^n ĺ ŋăőąőřőš. Ĺŋăůě čőćőř£, σ-ŕřőśšřăŋśšćő {σ, ˙} ĺğőňěšřĺůŋő n-ňěřŋőňş ěćłńĺďőćş ŕřőśšřăŋśšćş E_n = {σ, R^n}.

Śńěďśšćĺě šěőřěňż. n-ňěřŋőě ěćłńĺďőćő ŕřőśšřăŋśšćő ĺ ćśě ěčő śćőľśšćă ňőčşš ążšĳ őŕĺśăŋż σ-ĺňňăŋěŋšŋő (š.ě. ć šěřňĺŋăţ ňĺřőćőľ ťşŋłűĺĺ). Ĺŋăůě čőćőř£, Š-čěőňěšřĺ£ ďőśšăšőůŋő ąőčăšă ĺ śőďěřęăšěńĳŋă, ůšőąż ğăłń¿ůăšĳ ć śěąě ěćłńĺďőćş čěőňěšřĺ¿ ć łăůěśšćě ůăśšŋőčő śńşůă£, łőčďă ňĺřőćă£ ťşŋłűĺ£ őčřăŋĺůěŋă σ-ĺňňăŋěŋšŋżň śőőšŋőÿěŋĺěň (3.5), ĺńĺ ¡łćĺćăńěŋšŋżň ěňş śőőšŋőÿěŋĺěň (3.6). Řĺňăŋőćőľ čěőňěšřĺĺ šőęě ňőęŋő ŕřĺďăšĳ σ-ĺňňăŋěŋšŋş¿ ťőřňş [5], ůšő ňőęŋő ĺŋšěřŕřěšĺřőćăšĳ ć šőň śňżśńě, ůšő Š-čěőňěšřĺ£ śőďěřęĺš ć śěąě řĺňăŋőćş čěőňěšřĺ¿ ć łăůěśšćě ůăśšŋőčő śńşůă£. Š-čěőňěšřĺ£ ďőśšăšőůŋő ĺŋťőřňăšĺćŋă, ůšőąż śőďěřęăšĳ ć śěąě ĺ ďřşčĺě čěőňěšřĺĺ. Ŕőćĺďĺňőňş, ąşďěš ŋěńěčłő ŕőśšřőĺšĳ šăłş¿ čěőňěšřĺ¿, łőšőřă£ ąż ŋě śőďěřęăńăśĳ ć Š-čěőňěšřĺĺ. Ďěńő ć šőň, ůšő ŕřăłšĺůěśłĺ ń¿ąă£ Š-čěőňěšřĺ£ ňőęěš řăśśňăšřĺćăšĳś£ łăł řěğşńĳšăš ďěťőřňăűĺĺ (ĺğňěŋěŋĺ£ ňĺřőćőľ ťşŋłűĺĺ) σŕőďŕřőśšřăŋśšćă ěćłńĺďőćă ŕřőśšřăŋśšćă ďőśšăšőůŋő ćżśőłőľ řăğňěřŋőśšĺ. Ŕřĺ šăłőľ ćăřĺăűĺĺ śőďěřęăšěńĳŋőśšĳ čěőňěšřĺĺ ŋě şňěŋĳÿăěšś£, šăł łăł ŋě şňěŋĳÿăěšś£ ůĺśńő šřşąőł. Őŋő ňőęěš šőńĳłő şćěńĺůĺćăšĳś£ ğă śůěš šőčő, ůšő łăęďă£ ĺğ šřşąőł ěćłńĺďőćă ŕřőśšřăŋśšćă, őŕřěďěń£ěňă£ śřăğş ňŋőčĺňĺ σ-ąăğĺśăňĺ, řăśźěŕń£ěšś£ ŋă ŋěśłőńĳłő šřşąőł.

Śőďěřęăšěńĳŋőśšĳ čěőňěšřĺĺ (š.ě. łőńĺůěśšćő čěőňěšřĺůěśłĺţ őąžěłšőć, şšćěřęďěŋĺľ ĺ šěőřěň) ğăćĺśĺš ŋě šőńĳłő őš ěě ăłśĺőň, ŋő ĺ őš řăğřăąőšăŋŋőśšĺ ěě ňăšěňăšĺůěśłőčő ăŕŕăřăšă. Šřăďĺűĺőŋŋő ňěšřĺůěśłă£ čěőňšřĺ£ řăśśňăšřĺćăěšś£ łăł ňăńő śőďěřęăšěńĳŋă£ (ćő ćś£łőň śńşůăě ňěŋěě śőďěřęăšěńĳŋă£, ůěň ěćłńĺďőćă) ĺ ćś¿ ěě śőďěřęăšěńĳŋőśšĳ őążůŋő ść£ğżćă¿š ś őčřăŋĺůěŋĺ- £ňĺ (1.3), (1.4), łőšőřżě £ćń£¿šś£ śşźěśšćěŋŋżňĺ ďń£ ŕőśšřőěŋĺ£ łřăšůăľÿěľ ĺ ść£ğăŋŋżţ ś ŋěľ čěőňěšřĺůěśłĺţ őąžěłšőć. Ŕő śşźěśšćş, ¡šő őğŋăůăěš, ůšő śőďěřęăšěńĳŋőśšĳ ňěšřĺůěśłőľ čěőňěšřĺĺ ść£ğżćă¿š ś őąśńşęĺćă¿źĺň ěě ňăšěňăšĺůěśłĺň ăŕŕăřăšőň. Ŕřĺ ććěďěŋĺĺ ąőńěě ¡ťťěłšĺćŋőčő ňăšěňăšĺůěśłőčő ăŕŕăřăšă, ść£ğăŋŋőčő ś łńăśśĺťĺłăűĺěľ (1.4), śőďěřęăšěńĳŋőśšĳ čěőňěšřĺĺ ćőğřőśńă ďăęě ŕřĺ őšłăğě őš őčřăŋĺůěŋĺľ (1.3), (1.4) ŋă ňěšřĺłş.

Ć łăůěśšćě ďőśšőĺŋśšćă Š-čěőňěšřĺĺ śńěďşěš şŕőň£ŋşšĳ ő ŋěůşćśšćĺšěńĳŋőśšĺ ěě ňăšěňăšĺůěśłőčő ăŕŕăřăšă ł ŋěŕřěřżćŋőśšĺ ňŋőęěśšćă, ŋă łőšőřőň őŋă ğăďăŋă. Ŕřěďśšăćĺň śěąě, ůšő ć šřěţňěřŋőň ěćłńĺďőćőň ŕřőśšřăŋśšćě ćğ£šż 100 šőůěł P^{99} ĺ šřěąşěšś£ ĺğşůĺšĳ čěőňěšřĺ¿ ¡šőčő ňŋőęěśšćă. Ěśńĺ ďěńăšĳ ¡šő őążůŋżň śŕőśőąőň, šő ŋşęŋő řăśśňőšřěšĳ šřěţňěřŋőě ěćłńĺďőćő ŕřőśšřăŋśšćő ŋă ňŋőęěśšćě R^3, ććěśšĺ śĺśšěňş łőőřďĺŋăš, şďăńĺšĳ ĺğ ŋěčő ćśě šőůłĺ łřőňě P^{99} ĺ ŋăůăšĳ ĺğşůěŋĺě ňŋőęěśšćă P^{99}, ĺśţőď£ ĺğ łőőřďĺŋăš ěčő šőůěł, ś šőůłĺ ğřěŋĺ£ šőčő, łăł P^{99} ćńőęěŋő ć ěćłńĺďőćő ŕřőśšřăŋśšćő. Ś šőůłĺ ğřěŋĺ£ Š-čěőňěšřĺĺ ĺğşůăšĳ P^{99} ŋşęŋő, ŋăńőęĺć ŋă ňěšřĺłş şśńőćĺě (3.5) ĺ őšłăğăćÿĺśĳ őš (3.12). Šăłĺň őąřăğőň, ŕőďţőď Š-čěőňěšřĺĺ őłăğżćăěšś£ ńőłăńĳŋżň ć šőň śňżśńě, ůšő ĺğşůăěšś£ čěőňěšřĺ£ ňŋőęěśšćă P^{99}, ă ŋě šő, łăłĺň őąřăğőň őŋő ćńőęěŋő ć ěćłńĺďőćő ŕřőśšřăŋśšćő.

Őšłăğ őš őčřăŋĺůěŋĺľ (3.12) ŕřĺćőďĺš ł šőňş, ůšő őšőąřăęěŋĺě ˙ → R^n ŕěřěśšăěš ążšĳ őąřăšĺňżň. Ć ůăśšŋőśšĺ, ćőğňőęěŋ śńşůăľ, łőčďă σ-ŕřőśšřăŋśšćő {σ, ˙} őłăğżćăěšś£ σ-ŕőďŕřőśšřăŋśšćőň ěćłńĺďőćă ŕřőśšřăŋśšćă E_n.

Őŕřěďěńěŋĺě 3.3 . Ěćłńĺďőćżň σ-ŕřőśšřăŋśšćőň E^′ = {σ, ˙^′} ŋăğżćăěšś£ σ-ŕřőśšřăŋśšćő, ĺğőňěšřĺůěśłĺ ćńőęĺňőě ć ěćłńĺďőćő ŕřőśšřăŋśšćő. nňěřŋżň ěćłńĺďőćżň σ-ŕřőśšřăŋśšćőň E^′_n = {σ, ˙^′} ŋăğżćăěšś£ σ-ŕřőśšřăŋ-śšćő, ĺğőňěšřĺůěśłĺ ćńőęĺňőě ć n-ňěřŋőě ěćłńĺďőćő ŕřőśšřăŋśšćő E_n =

{σ, R^n}, ŋő ŋě ćńőęĺňőě ĺğőňěšřĺůěśłĺ ć (n − 1)-ňěřŋőě ěćłńĺďőćő ŕřőśšřăŋ-

śšćő E_{n−1} = {σ, R^{n−1}}.

n-ňěřŋőě ěćłńĺďőćő σ-ŕřőśšřăŋśšćő £ćń£ěšś£ σ-ŕőďŕřőśšřăŋśšćőň n-ňěřŋőčő ěćłńĺďőćă ŕřőśšřăŋśšćă E_n = {σ, R^n}.

Ĺğ őŕřěďěńěŋĺ£ šřşąłĺ (2.35) ĺ şśńőćĺ£ (3.4) śńěďşěš, ůšő n-ňěřŋőě ěćłńĺďőćő σ-ŕřőśšřăŋśšćő £ćń£ěšś£ šřşąłőľ n-őčő ŕőř£ďłă T (P^n) = ˙, ŕőřőęďěŋŋőľ ń¿ążň (n + 1)-šőůěůŋżň σ-ąăğĺśőň šřşąłĺ P^n ⊂ ˙. Ŕřĺ ¡šőň ćżŕőńŋěŋő şśńőćĺě ňĺŋĺňăńĳŋőśšĺ śěůěŋĺ£ šřşąłĺ (2.52). Šőčďă ĺňěěš ňěśšő šěőřěňă.

Šěőřěňă 3.2 . Ŕşśšĳ P^n ěśšĳ (n+1)-šőůěůŋżľ σ-ąăğĺś šřşąłĺ ć σ-ŕřőśšřăŋ-śšćě V {σ, ˙}. Šőčďă ďń£ šőčő, ůšőąż šřşąłă T (P^n) ążńă n-ňěřŋżň ěćłńĺďőćżň σ-ŕřőśšřăŋśšćőň, ŋěőąţőďĺňő ĺ ďőśšăšőůŋő, ůšőąż: (1) σ-ŕřőśšřăŋśšćő T (P^n) ĺňěńő śšřşłšşřş n-ňěřŋőčő ěćłńĺďőćă ŕřőśšřăŋśšćă ŋă T (P^n), (2) śěůěŋĺě T (P^n) ążńő ňĺŋĺňăńĳŋő ć ń¿ąőľ šőůłě: S_{n;P} (T (P^n)) = {P }, ∀P ∈ T (P^n). 4 Ăłśĺőňă šřěşčőńĳŋĺłă łăł şśńőćĺě ćżřőęďěŋŋőśšĺ šřşąłĺ ŕěřćőčő ŕőř£ďłă

Ĺğşůĺň őčřăŋĺůěŋĺ£, ŋăńăčăěňżě ŋă σ-ŕřőśšřăŋśšćő ŋěřăćěŋśšćőň šřěşčőńĳŋĺłă (1.4). Řăśśňőšřĺň śěčňěŋš T_{[P0P1]} šřşąłĺ T_{P0P1} , ğăłń¿ůěŋŋżľ ňěęďş ąăğĺśŋżňĺ šőůłăňĺ P_0, P_1. Őŋ őŕĺśżćăěšś£ şřăćŋěŋĺ£ňĺ (2.41), (2.42). Ďń£ ŋěŕřěřżćŋőčő σ-ŕřőśšřăŋśšćă ¡šő ŋěłőšőřă£ ŕőćěřţŋőśšĳ, śőďěřęăźă£ šőůłĺ P_0, P_1. Ŕřĺ ¡šőň śăňă ŕőćěřţŋőśšĳ T_{[P0P1]} ĺ őąńăśšĳ ćŋě ěě őŕĺśżćăěšś£ şřăćŋěŋĺěň

S_2(P_0, R, P_1) ≡ ρ(P_0, R) + ρ(R, P_1) − ρ(P_0, P_1) ≥ 0, (4.1)

čďě R ěśšĳ ąěčşźă£ šőůłă. Šăłĺň őąřăğőň, ŋă śăňőľ ŕőćěřţŋőśšĺ T_{[P0P1]} ĺ ćŋě ěě ŋěřăćěŋśšćő šřěşčőńĳŋĺłă ćżŕőńŋěŋő. Őąńăśšĺ ćŋşšřĺ ŕőćěřţŋőśšĺ T_{[P0P1]} śőőšćěšśšćşěš ŋěřăćěŋśšćő S_2(P_0, R, P_1) ≤ 0, ůšő śőőšćěšśšćşěš ŋăřşÿěŋĺ¿ ăłśĺőňż šřěşčőńĳŋĺłă. Ďřşčĺňĺ śńőćăňĺ, ć ňěšřĺůěśłőň ŕřőśšřăŋśšćě śěčňěŋš T_{[P0P1]} šřşąłĺ ŕěřćőčő ŕőř£ďłă ŋě ňőęěš ĺňěšĳ ćŋşšřěŋŋĺţ šőůěł, ůšő őğŋăůăěš ćżřőęďěŋĺě šřşąłĺ ć ńĺŋĺ¿ ĺńĺ ŕőćěřţŋőśšĳ, ŋě ĺňě¿źş¿ ćŋşšřěŋŋĺţ šőůěł. Ć ¡šőň śňżśńě ňěšřĺůěśłă£ čěőňěšřĺ£ (š.ě. čěőňěšřĺ£, ŕőřőęďěŋŋă£ ňěšřĺůěśłĺň ŕřőśšřăŋśšćőň) ěśšĳ ćżřőęďěŋŋă£ čěőňěšřĺ£.

Ć šőň śńşůăě, łőčďă ćśě šřşąłĺ T_{P0P1} ćżřőęďă¿šś£ ć śőőšćěšśšćş¿źĺě ąăğĺśŋżě šőůłĺ P_0, P_1, ŋěřăćěŋśšćő šřěşčőńĳŋĺłă (1.4) ŕřĺŋĺňăěš ćĺď śšřőčőčő ŋěřăćěŋśšćă

ρ(P_0, R) + ρ(R, P_1) > ρ(P_0, P_1), P_0 ≠ R ≠ P_1 ≠ P_0, ∀P_0, P_1, R ∈ ˙. (4.2)

Ć ¡šőň śńşůăě ěśšěśšćěŋŋő ŋăğćăšĳ ňěšřĺůěśłş¿ čěőňěšřĺ¿ (Š-čěőňěšřĺ¿) şńĳšřăćżřőęďěŋŋőľ.

Ŕřĺňěř 4.1. Řăśśňőšřĺň ďćă řăğŋżţ σ-ŕřőśšřăŋśšćă (ĺ ďćě Š-čěőňěšřĺĺ) ŋă ěďĺŋĺůŋőň ÿăřě ˙ = { x | |x|^2 ≤ 1 } ⊂ R^3, x =^{x^1, x^2, x^{3}} ∈ R^3, |x|^2 ≡^{3∑}_{i=1}^(x^{i)2} (4.3)

σ-ŕřőśšřăŋśšćő V_E = {σ_E, ˙} ŕőřőęďăěš śőąśšćěŋŋő ěćłńĺďőćş čěőňěšřĺ¿

σ_E : ˙ × ˙ → [0, ∞) ⊂ R, σ_E (x, x^′) = 1 2 |x − x^′|^2, x, x^′ ∈ ˙, (4.4)

σ-ŕřőśšřăŋśšćő V = {σ, ˙} ŕőřőęďăěš ŋă šőň ęě śăňőň ňŋőęěśšćě ˙ Š-čěőňěšřĺ¿ ś ŕőňőźĳ¿ śőőšŋőÿěŋĺľ

σ : ˙ × ˙ → [0, ∞) ⊂ R, σ(x, x^′) = 2 ( arcsin √ σ_E(x, x^′) 2 )_2

, x, x^′ ∈˙

(4.5) Őďŋőćřěňěŋŋő ś ¡šĺňĺ ďćşň£ σ-ŕřőśšřăŋśšćăňĺ ŋă ÿăřě ˙ řăśśňăšřĺćă¿šś£ ĺţ σ-ŕőďŕřőśšřăŋśšćă V_{Es} = {σ_E , ˚} ĺ V_s = {σ, ˚} ŋă ŕőćěřţŋőśšĺ ÿăřă ˚ = ∂˙ = {x ||x|^2 = 1} ⊂ ˙. Ŕőśłőńĳłş ˚ ěśšĳ ŕőďňŋőęěśšćő ňŋőęěśšćă ˙, šő Š-čěőňěšřĺĺ V_{Es} = {σ_E, ˚} ĺ V_s = {σ, ˚} ŕőřőęďă¿šś£ Š-čěőňěšřĺ£ňĺ T_E ĺ T .

Őąőğŋăůĺň šřşąłĺ ć σ-ŕřőśšřăŋśšćě V_E ś ŕőňőźĳ¿ śĺňćőńă L, ă šřşąłĺ ć σŕřőśšřăŋśšćě V ŕőśřěďśšćőň T . Šřşąłĺ ŕěřćőčő ŕőř£ďłă L_{AB} ⊂ ˙, (A, B ∈ ˚) śşšĳ ŕř£ňżě ńĺŋĺĺ ć ˙ ĺ { ďćě šőůłĺ A, B ć ˚. Ďřşčĺňĺ śńőćăňĺ, Š-čěőňěšřĺ£ V_E ćżřőęďěŋă ć ŕěřćőň ŕőř£ďłě ć ˙ ĺ şńĳšřăćżřőęďěŋă ć ŕěřćőň ŕőř£ďłě ć ˚. Šřşąłĺ ŕěřćőčő ŕőř£ďłă T_{AB} ⊂ ˙, (A, B ∈ ˚) śşšĳ ŋěćżřőęďěŋŋżě šřşąłĺ ć ˙. Őŋĺ ŕřěďśšăćń£¿š śőąőľ ŕőćěřţŋőśšĺ, ŕőńşůěŋŋżě ć řěğşńĳšăšě ćřăźěŋĺ£ őłřşęŋőśšĺ ěďĺŋĺůŋőčő řăďĺşśă, ŕřőţőď£źěľ ůěřěğ šőůłĺ A, B ∈ ˚, ćőłřşč őśĺ L_{AB} . (śň. Řĺś. 4.1). İšĺ šřşąłĺ łăśă¿šś£ śťěřż ˚ ćďőńĳ őłřşęŋőśšěľ ňăłśĺňăńĳŋőčő řăďĺşśă. Śěčňěŋš T_{[AB]} šřşąłĺ ňěęďş šőůłăňĺ A, B ∈ ˙ ŋăţőďĺšś£ ćŋşšřĺ ÿăřă ˙, šőčďă łăł őśšăńĳŋă£ ůăśšĳ šřşąłĺ T_{AB} ŋăţőďĺšś£ ćŋě ćŋşšřěŋŋěľ ůăśšĺ ˙\˚ ÿăřă ˙. Ć řěğşńĳšăšě ć σ-ŕřőśšřăŋśšćě V_s = {σ, ˚} śěčňěŋš T_{[AB]} šřşąłĺ T_{AB} ⊂ ˚, (A, B ∈ ˚) ěśšĳ łřăšůăľÿă£ ńĺŋĺ£ ŋă ŕőćěřţŋőśšĺ śťěřż ˚, śőěďĺŋ£¿źă£ šőůłĺ A, B ∈ ˚. Őśšăńĳŋă£ ůăśšĳ šřşąłĺ T_{AB} ⊂ ˙ ěśšĳ ŕřőďőńęěŋĺě śěčňěŋšă T_{[AB]} ⊂ ˚. Ĺŋăůě čőćőř£, σ-ŕřőśšřăŋśšćő V_s = {σ, ˚} ŕőřőęďăěš ćżřőęďěŋŋş¿ ć ŕěřćőň ŕőř£ďłě Š-čěőňěšřĺ¿ ŋă ˚. Šăłĺň őąřăğőň, Š-čěőňěšřĺ£ ć V = {σ, ˙} ŋěćżřőęďěŋă ć ˙ ĺ ćżřőęďěŋă ć ˚. Šřşąłă ćšőřőčő ŕőř£ďłă T_{ABC} ⊂ ˚ śőśšőĺš ĺğ šřěţ šőůěł A, B, C ⊂ ˚, ĺ Š-čěőňěšřĺ£ ć V_s = {σ, ˚} ěśšĳ şńĳšřăćżřőęďěŋŋă£ ćő ćšőřőň ŕőř£ďłě čěőňěšřĺ£ ŋă ˙.

Ś ďřşčőľ śšőřőŋż, Š-čěőňěšřĺ£ ć V_s = {σ, ˚} ŋă śťěřě ˚ ňőęěš ążšĳ ŕőśšřőěŋă ŋă őśŋőćě ěćłńĺďőćőľ čěőňěšřĺĺ ć V_E = {σ_E , ˙}. Ůšőąż ŕőśšřőĺšĳ V_s = {σ, ˚} ŋă őśŋőćě V_E = {σ_E , ˙}, ŋşęŋő ĺśŕőńĳğőćăšĳ ¡łśšřěňăńĳŋżě śćőľśšćă čěőďěğĺůěśłĺţ.

Řăśśňőšřĺň šřşąłş ćšőřőčő ŕőř£ďłă L_{ABC} ⊂ ˙, (A, B, C ∈ ˙). İšă šřşąłă ěśšĳ ďćşňěřŋă£ ŕńőśłőśšĳ, ŕřőţőď£źă£ ůěřěğ šőůłĺ A, B, C ∈ ˙. Ć V_{Es} =

{σ_E, ˚} šřşąłă ćšőřőčő ŕőř£ďłă L_{ABC} ⊂ ˚ ĺňěěš ťőřňş őłřşęŋőśšĺ, ŕřőţőď£źěľ ůěřěğ šőůłĺ A, B, C ∈ ˚.

Ůšőąż ŕőśšřőĺšĳ Š-čěőňěšřĺ¿ ć V_s = {σ, ˚}, ŋşęŋő őŕřěďěńĺšĳ ňěšřĺłş ρ (A, B) = √ 2σ (A, B), A, B ∈ ˚ ŋă ˚ × ˚, śńěďş¿źĺň őąřăğőň

ρ (A, B) = inf C∈Σ,C≠A,C≠B l_C (A, B) , A, B ∈ ˚, (4.6) čďě l_C (A, B) ⊂ [0, ∞) ěśšĳ ďńĺŋă łřĺćőľ L_{ABC} ⊂ ˚ ňěęďş šőůłăňĺ A, B. Şŕőř£ďőůĺň šőůłĺ R ∈ L_{ABC} ⊂ ˚ łřĺćőľ L_{ABC} ⊂ ˚, řěÿă£ şřăćŋěŋĺě ρ_E (A, R) (1 − τ ) = ρ_E (B, R) τ, R ∈ L_{ABC} ⊂ ˙, τ ∈ R (4.7) Řěÿěŋĺě ¡šőčő şřăćŋěŋĺ£ őŕřěďěń£ěš R = R_{AB} (τ, C) ∈ L_{ABC} ⊂ ˚ łăł ťşŋłűĺ¿ ŕăřăňěšřă τ ∈ [0, 1] ĺ šőůłĺ C ∈ ˚. Ŕřĺ ¡šőň A = R_{AB} (0, C), B = R_{AB} (1, C). Ťşŋłűĺ£ R = R_{AB} (τ, C) ĺňěěš ďćě ćěšćĺ R = R_1 (τ, C) ĺ R = R_2 (τ, C). Ŋşęŋő ćżąřăšĳ ćěšćĳ ś ňěŋĳÿĺňĺ ğŋăůěŋĺ£ňĺ ρ_E (A, R_{AB} (τ, C)) ĺ őŕřěďěńĺšĳ l_C (A, B) ś ŕőňőźĳ¿ śőőšŋőÿěŋĺ£ l_C (A, B) = 1∫ 0 [ dρ_E (R_{AB} (τ, C) , R_{AB} (τ^′, C)) dτ^′ ] τ^0=τ

dτ (4.8)

Ŕőďśšăćń££ (4.8) ć (4.6), ŕőńşůăěň

ρ (A, B) = 2 arcsin S_E (A, B) 2 , A, B ∈ ˚ (4.9) ůšő śőőšćěšśšćşěš (4.5).

İšőš ŕřĺňěř ŕőłăğżćăěš, ůšő ĺśŕőńĳğş£ ěćłńĺďőćş Š-čěőňěšřĺ¿ ćŋşšřĺ ˙, ňőęŋő ŕőśšřőĺšĳ ćŋşšřěŋŋ¿¿ ňěšřĺłş (ĺ Š-čěőňěšřĺ¿) ŋă ŕőćěřţŋőśšĺ ˚ ÿăřă ˙. Ďń£ ŕőśšřőěŋĺ£ čěőňěšřĺĺ ŋă ˚, śşźěśšćěŋŋő ĺśŕőńĳğş¿šś£ ¡łśšřěňăńĳŋżě śćőľśšćă čěőďěğĺůěśłĺţ (łřăšůăľÿĺţ) ĺ šřşąłĺ ćšőřőčő ŕőř£ďłă L_{ABC} ⊂ ˙, łőšőřżě ŕőřőęďă¿š śĺśšěňş łřĺćżţ ŋă śťěřě ˚. Ĺğ ¡šĺţ łřĺćżţ őšąĺřă¿šś£ šě, řăśśšő£ŋĺ£ ćďőńĳ łőšőřżţ £ćń£¿šś£ ňĺŋĺňăńĳŋżňĺ.

Ŕőćĺďĺňőňş, ś ŋăďńěęăźĺňĺ őčőćőřłăňĺ őŕĺśăŋŋă£ ŕřőűěďşřă ŕőśšřőěŋĺ£ ňěšřĺůěśłőčő ŕřőśšřăŋśšćă ŋă ŕőćěřţŋőśšĺ ÿăřă ŕřĺ ěćłńĺďőćőľ čěőňěšřĺĺ ćŋşšřĺ ÿăřă ňőęěš ążšĳ őąőąźěŋă ŋă śńşůăľ ŕřőĺğćőńĳŋőčő šěńă ĺ ŕřőĺğćőńĳŋőčő ňěšřĺůěśłőčő ŕřőśšřăŋśšćă ćŋşšřĺ ¡šőčő šěńă.

Šăłĺň őąřăğőň, łńăśśĺťĺłăűĺ£ łőŋěůŋżţ ňěšřĺůěśłĺţ ŕőďŕřőśšřăŋśšć, ĺśŕőńĳğş¿źă£ ř£ď őšőąřăęěŋĺľ (1.9), őłăğżćăěšś£ őůěŋĳ ¡ťťěłšĺćŋżň ňěšőďőň ĺśśńěďőćăŋĺ£ ňěšřĺůěśłőčő ŕřőśšřăŋśšćă, ŕőğćőń£¿źĺň őŕĺśżćăšĳ ěćłńĺďőćş ĺ řĺňăŋőćş čěőňěšřĺĺ ć šěřňĺŋăţ őďŋőľ šőńĳłő ňěšřĺłĺ (ňĺřőćőľ ťşŋłűĺĺ). Čěőňěšřĺĺ, ŕőśšřőěŋŋżě ŋă őśŋőćě ¡šőľ łńăśśĺťĺłăűĺĺ, ŋě ĺśŕőńĳğş¿š ŕőŋ£- šĺě ŋěŕřěřżćŋőśšĺ ĺ őłăğżćă¿šś£ ŋěůşćśšćĺšěńĳŋżňĺ ł ďĺśłřěšŋőśšĺ ĺńĺ ŋěŕřěřżćŋőśšĺ ŕřőśšřăŋśšćă. Ŕőŋ£šĺě ŋěŕřěřżćŋőśšĺ ňőęěš ążšĳ ććěďěŋő ŋă őśŋőćě ňěšřĺłĺ (ňĺřőćőľ ťşŋłűĺĺ) ŕşšěň ŋăďńěęăźěľ ŕăřăňěšřĺğăűĺĺ ¡łśšřěňăńĳŋżţ šřşąőł [5].

References

[1] J.L. Synge, Relativity: The General Theory, North-Holland, Amsterdam, 1960.

(řşśś. ŕěř. Ďę.Ń. Śĺŋč, Őąźă£ šěőřĺ£ őšŋőśĺšěńĳŋőśšĺ. ĹĹŃ, Ňőśłćă, 1963).

[2] Ă.Ď. Ăńěłśăŋďřőć, Ć.Ŋ. Ąěřěśšőćśłĺľ, Ĺ.Č. Ŋĺłőńăěć, Őąőąźěŋŋżě řĺňăŋőćż ŕřőśšřăŋśšćă. ŞŇŊ, 41, ćżŕ. 3, 1-44, (1986).

[3] Ă.Ď. Ăńěłśăŋďřőć, Ćŋşšřěŋŋ££ čěőňěšřĺ£ ćżŕşłńżţ ŕőćěřţŋőśšěľ.

ČĹŠŠŃ. Ňőśłćă, 1948.

[4] Yu.A. Rylov, Non-Riemannian model of space-time responsible for quantum e¸ects. J. Math. Phys. 32, 2092, (1991).

[5] Yu.A. Rylov, Extremal properties of Synge’s world function and discrete geometry. J. Math. Phys. 31, 2876, (1991).