HeeBK110B METO/T TOCTPOEHNST 0000ITEHHBIX
reoMeTpuil 1 ero npuMeHeHne K reoMeTpun
[IPOCTPAHCTBa-BPEMEHN.

FO.A . Pouios

Uncruryr npobsem mexanuku, PAH
119526, Mocksa, I[Ip. Bepraackoro, 101-1
email: rylov@ipmnet.ru

Web site: http : //rsfql.physics.sunysb.edu/ rylov/yrylov.htm
or mirror Web site:
http : //gasdyn — ipm.ipmnet.ru/ rylov/yrylov.htm

Annorarus

PaccmaTpruBaeTca HEeBKINIOB METO IOCTPOEHUA 0O0DIIEHHON TeOMETPHH.
B coorBercTBHET € 9THIM 1TOAX010M JTFOOAA 0000ITIEHHAA TEOMETPHS MOXKET OBITH
[IOCTPOEHA B pe3ysabrare aedOpMalliu COOCTBEHHO EBKJIMIOBOI T'€OMETPHU.
Meros MoxkeT OBITH IPUMEHEH JI7IsT IIOCTPOEHNA TTPOCTPAHCTBEHHO-BPEMEHHBIX
reomerpwuii. B KagecTBe npuMmepa paccMaTPUBALTCS OHOPOIHAS U U30TPOTHAS
reoMeTpHUsI TPOCTPAHCTBA-BPEMEHH, OTJINTHAST OT TeoMeTpun MuHKOBCKOTO. B
TaKO TEOMETPHUH TTPOCTPAHCTBA-BPEMEHN MOKeT OBITH TTOCTaBIEeHa MPodIeMa
CYIIECTBOBAHMSI TEOMETPUIECKAX OOBEKTOB M UX BPEMeHHOH 3BoIIonun. Takas
MMOCTAHOBKA BOTIPOCA HE BO3MOXKHA B PUMAHOBON TeOMETPHUH MPOCTPAHCTBA-
ppemenn. CyIIecTBOBaHME W IMHAMHKKA MHUKPOYACTUII PACCMATPUBAIOTCA KaK
00yCJIOBIEHHBIE CYITECTBOBAHNEM COOTBETCTBYIOIINX FEOMETPUICCKUX OObEK-
TOB M UX BPEMEHHOM 9BOJIONNY B IPOCTPAHCTBE-BpeMenn. Bo3unkaer reomer-
pU3aIust UMIIY/IbCa YACTUIBI U €€ MACCHI.

1 Bsenenne

JIrobasi (06001eHHAs) TeOMEeTPUsT IIPEJICTaBIsIeT OO0 MHOKECTBO yTBEPZKJACHUI O
CBOCTBAX reoMeTpudeckKux o0beKTOB. [eomeTpudeckuit 0ObEKT IPEJCTAB/ISET CO-
601 MOIMHOZKECTBO TOYEK TOYEUYHOTO MHOXKECTBa (), Ha KOTOPOM 3a/IaeTCsl TeOMeT-
pus. Yucao Takux yTBepzK/IeHnil O9eHb BEJTNKO, I MAaPKUPOBKY 3THX YTBEePK/IeHU C
MOMOIITHIO BEIMECTBEHHBIX YHCEe JOBOJTBHO TPYIHO OCYIMIECTBUTH, IOTOMY YTO MOIII-
HOCTH MHOYKECTBA BEIEeCTBEHHBIX HEJIOCTATOYHA JIJI OCYIIECTBJICHHS TaKOW Map-
KupoBKHu. Mapkuposka ¢ nomoinbio (GyHKIH okasbiBaeTcs 6ojiee 3hOeKTUBHOII,



MOTOMY YTO MHOXKeCTBO (DYHKIIWiI OKa3bIBaeTcd 00Jiee MOIIHBIM, YeM MHOYKECTBO
BEIIeCTBEHHbIX dncesl. [lycrb, Hatpumep, f ecrb mejiodncieHtas PYHKIUs [eJI09nc-
nennoro aprymenta z. Ilycrs f € [0, M —1]ux € [0, N—1], tne M u N — narypaJib-
ubie uncaa. Torga uncio Ny seex dynxmuii f pasno Ny = MY, Ecin f asasercs
dbyuknumeit 1BYX nenodnciaeHHbx aprymenToB xp € [0, N — 1] u x5 € [0, N — 1], 10
guciao dynknnit Ny = M (~), Hpyrnmu ciosamu, unciao ¢ynkmuit Ny pacrer ro-
pas3ao ObIcTpee, YeM YHucyI0 3Hadenuit N apryMeHToB GpyHKIUU U ducao M 3nadeHunit
dbyuxnuu. Takum 06pazoM, MAPKHPOBKA FreOMEeTPUIECKIX YTBEPK/IeHUI C TOMOIITHIO
dyukiuit kazxercs 6ojiee 3pPeKTUBHON, YeM MAPKUPOBKA C IOMOIILIO YHUCEJI.

Opanako, uccaeayst (pyHKIUU BEMIECTBEHHBIX MEPEMEHHBIX, HUKTO HE MbITAeTCs
MO/ICINTATh 9UCI0 TakuX (PyHKImit. Takoil mogcaer mpon3BOAUTCS TOJIBKO JIjist Oy-
JeBpIX (PYHKIUII OoT OyjaeBbIX apryMeHToB. B stom caydae M = 2, N = 2 u Ny =
22 = 4. B cayuae Gyaebix dbyHKImil aByX aprymenTos Mbl mvmeem Ny = 24 = 16.
QDYHKINY BEIECTBEHHBIX MEPEMEHHBIX CTPOSITCS U HUCCIEIYIOTCS ¢ MTOMOIIBIO TOCTIe-
JIOBATEIbHBIX KOMOMHAIMI TPOCTHIX AJITOPUTMOB, TAKUX KAK CJIO2KEHUE, YMHOZKEHUE,
BO3BEJIEHNE B CTENEHb, B3ATHE Jiorapudma u T.]I.

T-reomerpuda mpejcraBiasgeT coOOil TeOMETPHIO, KOTOpPAs CTPOUTCI C MOMOIIHIO
JTecbopMaIiy cCOOCTBEHHO eBKJIMJIOBOII TeoMeTpun. Begkas reomeTpus mpeacTaBiis-
eT coboit TOCTpOoeHNe, KOTOPOe ONMHMCHIBAET B3AMMHOE PACIOJIOKEHHe TOUYEK U Teo-
MeTpuIecKux 00beKTOB HAa TOUYedHOM MHOKecTBe (). B3ammuoe pacrosioxkenue To-
gek P, Q) € Q) onuceiBaercst paccrostuueM p (P, (QQ) Mexk Ly JIFoObIME JIBYMsI TOUYKAMU
P,Q € Q). B reomerpun mpocTpancTBa-BPEMEHN PACCTOSHIE BEIEeCTBEHHO U IMOJIO-
JKUTEJIbHO 71 HEKOTOPBIX Map TOYEK, H OHO SBJISETCS YUCTO MHUMBIM JIJIs IPYTUX
nap Tovyek. Bosee ynobHO ucnonb3oBaTh dbyuknuo o (P, Q) = %pg (P, @), koropast
BelecTBeHHa Jyist J1000i napsr Touek. @ynkuug o (P, ()) u3BecrHa Kak MUpPOBast
dbyuknus [1]. Mbr 6yaeM ucnonb3oBaTh MEPOBYIO (DYHKIMIO JIJIsS OMUCAHUST B3aMM-
HOTO PACIIOIOYKEHNUST TOUEK Ha TOYEIHOM MHOYKecTBe 2.

Cremyer 0:KuJIaTh, 9TO 3a/aB MUPOBYIO (DYHKITHIO

o OxQ—R, o(P,Q)=0(Q,P), o(P,P)=0 (1.1)

JUtst Beex map P, () ToUek Ha TOYEYHOM MHOXKECTBe ), MBI MOJTHOCTBHIO OIIPE/IETIM
reoMeTpuio. Mbl MOKazKeM 3TO Jijisi COOCTBEHHO €BKINIO0BOII reoMeTpuu Gg, OMHUCHI-
BaeMOt eBKJIM/I0BOI MupoBoit pynknueir og. [locje 31oro Mbl paciupocrpaium 3ToT
pe3y/abTaT Ha JII0OYI0 TeOMeTpUio §, ONUCHIBAEMYIO MPOU3BOJILHON MUPOBOil (yHK-
nueii o, yaosaerBopsiomieii coorHommenusm (1.1).

CoBpeMeHHOe H3T0ZKeHNe COOCTBEHHO €BKJIUI0BOW MeOMeTPUH OCHOBBIBAETCS HA
KOHIIETIIUU JITHEHHOTO BEKTOPHOTO ITPOCTPAHCTBA V;,, OCHAIIEHHOTO CKAJISIPHBIM MTPO-
u3BeJIEHUEM JIIOOBIX JIBYX BEKTOPOB. 3/I€Ch MHJIEKC N O3HAYAELT PA3MEPHOCTH JIMHEI-
HOI'0 BEKTOPHOI'O HPOCTPAHCTBA, KOTOPasd OLPee/dercd KaK MaKCUMaJIbHOE YUCJI0
JIMHEITHO He3aBUCUMBbIX BEKTOPOB. To4YedHOE N-MepHOEe €BKJINIOBO POCTPAHCTBO L),
MOJIy9aeTcs U3 N-MePHOTO BEKTOPHOTO JIMHEHHOTO MPOCTPAHCTBA V,, ecim paccMat-
pUBATh BCe Te BEKTOPHI, HadaJa KOTOPBIX COBHAIAIOT. Torma MHOKECTBO KOHIIOB
BCEX TAaKUX BEKTOPOB 00pa3yeT TodedHoe eBKINI0BO mpocTpancTtBo {2 = R™. Jlo-



owre e Toukum P, () obpasyior BekTop PQ = P—Cé, NPUHA/JIeZKAIUH BEKTOPHOMY
IpOCTPaHCTBY Vi, :K}.

Bektop PQ = P(Q) upexcrasiser coboii yIOpsiIOUeHHOE MHOMKECTBO M3 JIBYX
touek {P,Q}, P,Q € R". [lmuna |PQ|; BekTopa PQ omnpeernsercs cooTHomennem

PQ; = 205 (P,Q) (1.2)

rie uagaekc "E'"o3nauaer, 4ro JmHa BeKTOpa OepeTcsd B COOCTBEHHO €BKJINIOBOM
LIPOCTPAHCTBE.

Crassiproe npoussegenne (PoP1.PoPs)g 18yx Bekropos PoP; u PoPs, umero-
mux obiree Hadasa0 Fy, ompe/iesiseTcs COOTHOIIIEHNEM

(PoP1.PoPy) =0 (P, Pr)g + 0 (Po, Po)g — 0 (P1, P (1.3)
KOTOpO€ IIOJIYy9a€TCd U3 €BKJIN/I0Ba COOTHOIICHU A
P, Py|% = |PgPy — PoPy[5 = [PoPyfs + [PoPy 5 — 2 (PoP1.PPy), (1.4)
¢ omMorpto coorromenus (1.2). B wactHocTH,
(PoP1.PoP,)y, = 205 (Py, P,) = |PP, |2, (1.5)

Bamernm, uto coornomenue (1.3) mpejcraBisier co0oii ompejieseHne CKaJISIPHOTO
HPOU3BEJIEHNU Yepe3 MHPOBYIO (PYHKIUIO Of, TOIJA KaK B KOHIENIHUH JTHHEeHHOrO
BEKTOPHOTO MIPOCTPAHCTBA cooTHOMIeHue (1.4) mpejicTanisier coG0il TAK HA3BIBAEMYO
TeOpeMy KOCHHYCOB.

B cobcTBEHHO €BKIN0BOM POCTPAHCTBE MOKHO OIPEJIETNTh CKAJISIPHOE TTPOU3-
Begenne (PoP1.QoQ1)r aByx ynamenneix Bekropos PP u QoQ;. Ono ompenesns-
€TCsI COOTHOIIEHUEM

(P0P1-Q0Q1)E =0 (P, Ql)E + o (P, QO)E — o (P, QO)E — o (P, Ql)E (1.6)

KOTOpoe ciaeayer u3 O4eBUAHOI'O €BKJINJI0Ba COOTHOIIECHU A

(PoP1.QoQ1)i = (PoP1.PoQu); — (PoP1.PoQo)y (1.7)

u cooTHomenus (1.3), 3aMuCaHHOTO JIJIs BYX CJIaraeMbIX B IIPABOIl YaCTH PaBEHCTBA
(1.7).
(P0P1-P0Q1)E = o (P, P1)E +0 (P, Q1) — 0 (P, Ql)E

(PoP1.PoQo)g =0 (P, Pi)g + 0 (P, Qo)g — 0 (P1,Qo)g

HeoGxoaumoe n 10cTaTouHOe YCJIOBUE JINHEITHOM 3aBUCHMOCTH 1 BeKTOpos , PP,
PoP,,.. PP, onpenensiembix n + 1 toukamu P" = { Py, Py, ..., P,} B coberBerno
eBKJIII0BOM IIPOCTPAHCTBE, IPEJACTaBIgeT cOO0 oOpalleHne B HYJIb OIIPEIeTUTEIs
['pama

F, (P") = det||[(PoP;.PoPy)gl, i,k=1,2,..n (1.8)



Boipazkas ckanspusie npoussegenus (PoP; PoPy)g B (1.8) uepe3 muposyio ¢yHK-
IUIO O ¢ HOMOMIBIO cooTHOmeHus (1.3), mosydaem onpe/iejienne JIMHEHHO 3aBucu-
moctu n BekTopos ,PgP1, PoPs,...PyP,, B cobcTBeHHO €BKJIMI0BOM IPOCTPAHCTBE B
BHJIC

E,(P") =0 (1.9)
F, (P") = det||o (Py, P)g + 0 (Po, Pu)y — 0 (Pi, Po)gl| ik=1,2,..n (1.10)

Coornorenns (1.9), (1.10) 06pa3yoT o-uMMaHeHTHOE OTIpe/IeJIeHne JTHHeRHO 3aBu-
cuMOCTH (T.€. OIpeesIeHIe B TEPMUHAX MHPOBON (DYHKIHN). DTO OLMpPEIeIeHUe MO
JIY9IaeTCs U3 TeOpeMbl 00 YCIOBUH JIMHEHHOf 3aBUCHMOCTH 72 BEKTOPOB B COOGCTBEHHO
eBKJIH/I0BOM TpocTpancTBe. OmpeseseHne He COMEPKUT CCHLIKN HA JTHHEHHOe MpPo-
crpancTBo. OHO BHINVISIINT KaK JIMHEiHAsT 3aBUCHMOCTD 0e3 JIMHEeHHOro MpOCTpaH-
CTBA.

B uactoocru, nsa Bextopa PoPi, QoQ; xosmueapus! (IHHEHHO 3aBUCHMDI)

PoP, H QoQ1, ecam

2
PP 0 | qammy, laar |70 0
JBa BexTopa PoP1, QoQ: mapamrienbHbl, ecin
PoP1 e QoQu - (PoP1.QoQu)g = [PoPig - [QoQulg (1.12)
JIBa BekTopa PoPq, QoQ anTunapaJienbHbl, eCJm
PPy Tl QoQ: : (P0P1-Q0Q1)E = - ’P0P1|E ) ‘QOQl’E (1-13)

Nunexkc "E"o3snauaer, 910 cKaasipHOE MPON3BEIEHNE W MaPAJLIEILHOCTh PACCMATPH-
BalOTCsS B COOCTBEHHO €BKJIMIOBOM IPOCTPAHCTBE.

Tenepb MBI MOXKEM OIpEIEIUTh SKBUBAJIEHTHOCTh JIBYX BeKTOpoB PoPi, QoQ:
B o-uMMmaneHnTHOM BuJe. [IBa Bekropa PoP1, QoQ sxBuBasienrnbl (paBHbl), eciu

PoP1eqvQoQ; : (PoP1 1T QoQ1) A (|PoP1| = [QoQul) (1.14)

nJjain
PoP1eqvQoQ; (PoP1.QoQ1) = [PoP1] - |QoQu)) (1.15)
A ([PoP1] = [QoQul) (1.16)

CBOICTBO 9KBUBAJIEHTHOCTH JIBYX BEKTOPOB B COOCTBEHHO €BKJINI0BOM ITPOCTPAH-
cTBe 00PATUMO U TPAH3UTUBHO. JTO O3HATAET

eCcJn PoPlquQle, TO QleeQVP()Pl (]_]_7)

eCJIn (PQPlequle) A (Qleequ()Rl) , TO PoPle(]VRoRl (118)

OHako, SKBUBAJIEHTHOCTH TPAH3UTUBHA, TOJIBKO B COOCTBEHHO €BKJIMIOBOI reo-
MEeTpPHH, IJie CBOMCTBO MMapaJsiIeIbHOCTH JIBYyX BEKTOPOB OOPATUMO M TPAH3UTHUBHO.
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B mpousBosibHOl 0000IIEHHOI TeOMETPUU CBOWCTBO MapaslIeIbHOCTH, TaK K€ KaK
U CBOMCTBO 9KBUBAJIEHTHOCTU O0OPATUMBbI, HO, BOODIIE TOBOPS, MHTPAH3UTUBHbI. VH-
TPa3UTUBHOCTH CBOIICTBA KBUBAJEHTHOCTH CBSI3aHA C €r0 MHOTOBAPHAHTHOCTHIO,
Korja mMeercst MHOTO BekTOpoB QuQ1, QoQ), QoQY,... KoTOpbie SKBUBAIEHTHBI
BekTOpy PoP1, HO He SKBUBaIeHTHBI MeXKy co0Oii. MHOroBapnaHTHOCTHL CBOICTBA
SKBUBAJIEHTHOCTH 00ycjoBieHa tem dakroMm, uro ypashenus (1.15), (1.16), pac-
CMaTpUBAEMble KaK CHCTeMa yPaBHEHHi jyist onpejiejenus: T09ku ()1 (npu dukcn-
poBaHHBIX TOUKax Fy, P, ()y) mmMeer, BooOIIe roBopsi, MHOTO pernenuii. Bo3amorxkua
TaKyKe Takas curyarus, koraa ypasaenns (1.15), (1.16) ne mveror pemenuit. Taknm
00pa3oM, 3KBUBAJIEHTHOCTH. BOOOIIE rOBOPs, MHOTOBApUAHTHA U WHTPAH3UTUBHA.

B cobcTBeHHO €BKIINIOBOI TeoMerpun cucTeMa ypasuennii (1.15), (1.16) Bcerma
UMEEeT OJIHO M TOJIBKO OJIHO perreHue. B 3T1om ciiyuae CBOHCTBO 9KBUBAJEHTHOCTH
O/IHOBApUAHTHO u TpaH3uTuBHO. OHAKO, y’Ke B MPOCTPAHCTBe-BpeMeHu MUHKOB-
CKOT'O TOJIbKO 9KBUBAJEHTHOCTH BPEMEHUIOI00HBIX BEKTOPOB SIBJISIETCSI OHOBAPU-
AHTHOU W TPAH3UTUBHOI. DKBUBAJIEHTHOCTH IPOCTPAHCTBEHHONOJOOHBIX BEKTOPOB B
IpPOCTPaHCTBe-BpeMeHr MUHKOBCKOTO MHOTOBAPUAHTHA U WHTpaH3uTuBHA. OTHAKO,
HUKTO He 00paIaeT BHUMAHHUS HA 3TO OOCTOATETHCTBO, TOTOMY YTO MPOCTPAHCTBEH-
HOTIOIO0HBIE BEKTOPHI MPAKTUYECKN HE UCIOJIb3YIOTCS B MPUJIOKEHUIX K (DUUKE U
MEeXaHUKe.

Msl GyjieM OTJIHYATH COOTHOIIEHNE PABEHCTBA (=) OT COOTHOIIEHUS SKBUBAICHT-
HOCTH (€qV), HOTOMY YTO COOTHOIIIEHHE PABEHCTBA BCETJIA OJHOBAPHAHTHO U TPAH3H-
THBHO, TOT/Ia KAK COOTHOTIIEHHE SKBUBATEHTHOCTH, BOOOITE TOBOPSI, MHOTOBAPUAHTHO
U MHTPAH3UTUBHO.

Cymma PoP,y aByx Bektopos PyPq, P1Py

PyP; = PoP; + PP,

MOKeT OBITh OIIpejieJIeHa TOJIbKO B TOM cJjydae, Korja kouer, P, BekTopa PoP;
coBnajgaer ¢ HadaiaoMm P; Bektopa P1P,. Oanako, ucnoib3ysa nmoHsaTre SKBHBAJIEHT-
HOCTH, MOYKHO OIPE/IEJIUTH CYMMY JIBYX HPOU3BOJIbHBIX BeKTOpoB PoP1 1 QpQ; kak
BekTOp RoRy ¢ HAavasmom B Touke Ry ¢ MOMOIIBIO COOTHONIEHUS

RoRs; = RyR: + R1Rs (1.19)
rie BekTopel RoR1 1 R Ry onpenensiorcs cooTHOMEHISIME
RoRleQVP()Pl, RlRQGQVQle (120)

Onnako, cymma RoRs okaswpiBaeTcs MHOrOBapmaHTHON M3-3a MHOTOBapHAHTHOCTH
coornonrennit (1.20). Kpowme toro, cymma (1.19), Boobie roBopsi, 3aBUCAT OT 110~
psijiKa CJaraeMbiX, IIOTOMY 4TO BMecTo cooTHomenuit (1.20) MOKHO HCIOIB30BATH
COOTHOIIEHU ST

RoR1eqvQoQ, RiRseqvP Py (1-21)

Yuvuoxkenne BekTopa QoQ; Ha BeecTBEHHOE YHCIO (v OTIPEIEISIeTCsT CIe Ty 0~
M obpasom. Bekrop PPy aBiserca pesynbrarom ymMHOXKeHHs: BeKTopa QpQ; Ha



BeIleCTBEHHOE YNUCJI0 (v, eCJIN

{ (PoP1 17 QoQ1) A (|PoPy| = [a] [QoQul), ecim a >0
(PoP1 7] QoQu) A (|PoP1| = [ |QoQul), ecom a <0

(1.22)
Bo3mozkHa Jpyrast Bepcusi yMHOXKEHUS! HA BELIECTBEHHOE YUCJIO (v, KOTOPasi OT/IH-
waercst or (1.22) roabko pist o = 0

(PoP1 1T QoQu1) A (|PoP1] = || |QoQ1l), ecom o> 0

PoPieqv (aQoQq) : PoPy, ecom a=0
(PoP1 1] QoQu) A (|PoP1| = || |QoQu]), ectm a <0
(1.23)

PoPieqv (aQoQy) :

JL1st cOOCTBEHHO €BKJIMIOBOM reoMeTpHuu 00e BePCUHU COBIIAIAIOT.

JLnsa 3aBepliieHusT 0-IMMaHEHTHOT'O OIMMCAHUSA COOCTBEHHO €BKJIMI0BA MIPOCTPaH-
CTBa, HYZKHO €Ile OIpEeIe/JUTh CBOWCTBA eBKJIMJI0BOH MHPOBOH dyHKIUU op. OHI
HPEJICTABICHBl BO BTOPOM pPasjiesie, Ije MOXKHO YBHJIETb, YTO 9Tu cuerupuyaeckue
CBOMCTBA Pa3JWYHbI /i1 eBKJIUJIOBBIX IPOCTPAHCTB PA3HONH Pa3MEpPHOCTH.

HpeﬂCTaBﬂeHI/Ie eBKJII/I,ZLOBOfI reoMmeTpun B 0-UMMaHEHTHOM BUIE (B TeEpMHUHaX
MHPOBOIl (DYHKIUU Of) MO3BOJIsIET UCHOJIB30BATH HEEBKJIHIOB METOJ MOCTPOCHUS
00001eHHO# TeomMeTpun. EBKIMIOB MeTO/ MOCTPOEHUS T€OMETPUU OCHOBAH HA IIO-
JIYYeHUH TeOMETPUICCKUX YTBEPXKICHUi (TeopeM) u3 M3HAYATHHBIX YTBEPIKICHUIl
(aKCI/IOM) CTpOHH.[efICH reoMeTpuun € NOMOIIbBIO JIOTUIECCKHUX paCCy)Kﬂ,eHI/IIL/‘I 1 MaTeMa-
THYECKUX PACIETOB. DTOT METO OOBIYHO MCIOJIB3YEeTCs MPHU MOCTPOSHUH 0000IIEeH-
Hoit reomerpun. OH HAIIOMUHAET IMOCTPOeHUE (PYHKITUU BEIIECTBEHHOTO IIePEeMEHHOTO
€ TIOMOIIBIO ITPOCTBIX MPOIEAYP: CA0KEHU, YMHOKEHHUSI U T.JI.

OCHOBHOIl HEJIOCTATOK €BKJIUI0BA METOJA COCTOUT B HEOOXOJIHUMOCTHU IIPOBEPKH
COBMECTHOCTH M3HAYAJIBHBIX akcuoM. Takas mpoBepka mpejcTaB/iser coboit 0OUeHb
CJIOYKHYTO TIPOTIEYPY, KOTOPpast ObljIa OCYIIECTB/IEHA TOJIHKO JIJIT COOCTBEHHO €BKJIU-
J1I0BOit reomeTpun. KpoMe TOro n3HavaJibHbIe aKCHOMBI CPABHUTE/IHHO ITPOCTHI TOJIb-
KO JIJI OJTHOPOJTHBIX 0O00OIIEHHBIX reoMeTpuii. B 9ToM cydyae aKCHOMBI OJTHH U Te ZKe
JIJIS BceX 00J1acTeil MpoCTpaHCTBa, OMUCHLIBAEMbIX 0000IEeHHO reomerpueii. B ciy-
Jae HeOHOPO/HON reoMeTpruu MHOYKECTBO AKCHOM PA3JIMYHO JIjI PA3HBIX ObJiacTeil
MPOCTPAHCTRA.

[TockoIbKY CyIIEeCTBOBA TOJIBKO €BKJIMIOB METOJ MOCTPOEHUs] TeOMETPHUH, TO
BO3HHUKJIA TE€HJICHIUS IPUIUCHIBATH CAMOIl T€OMeTPHUHU CBOIICTBa €BKJINI0BA METOJIA
oCTpoeHus: reoMeTpur. [10CcKOIBKY OOBIMHO MOCTPOEHHE TeOMETPUHN HAUUHATIOCH C
CUCTEMBI AKCUOM, TO BO3HUKJIA TEH/ICHIMS PACCMATPUBATD JIIOOYIO CUCTEMY aKCHOM,
COJIEPZKAIILY IO TIOHSATHST TOYKH U MPSIMOi KAK PA3HOBUIHOCTH T€OMETPHH (HAPUMED,
npoekTHBHas reoMerpust, abdurHas reomerpus 1 T.71.). Ha camom Jese, eBKINI0OB
MeTO/I IOCTPOEHUs T€OMETPHH U CUCTEeMa aKCHOM IIPEJICTABIAIOT OO0l HeYTO BHEIII-
Hee IO OTHOIINEHHWIO K caMOil eBK/IUI0BOI TeOMeTPUU, TaKzKe KaK M0 OTHOIIEHHIO K
JPyTruM 060BOIIEHHBIM NeOMeTPUsIM (HAIPUMED, 110 OTHOIIEHHIO K PUMAHOBOIT reomer-
pun). K coxkanennio, HeKOTOpble MATEMATHKU HE MOTYT OTJIEJIUTH METO/[ TOCTPOCHU ST
reOMEeTPHUH OT CaMOil FTeOMETPHUH, U 3TO OOCTOATEIHCTBO SABJSICTCS IPUINHOIN HElpH-
ATHsI TEOMETPHHU, HOCTPOEHHOI HEeBKJIHIOBBIM MeTOI0M [2].
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[IpeararaeTcst HEeBKJINI0B METOJ IIOCTPOEHUST 000DIIEHHON TeOMeTPUU. JTOT Me-
TOJI, MOYKET PACCMATPUBATHCS KAK MMOCTPOEHHE 0DOOIIEHHOI reOMeTPUHU C MOMOIIHIO
Jiecbopmaliiy COOCTBEHHO €BKJIUIOBOI TeOMeTpUH, KOT/Ia eBK/IM/I0Ba MUPOBas (PyHK-
IUs O 3aMeHseTcss MUPOBO (DYHKIIHElH CTPOSIIEicss reOMETPUH BO BCEX YTBEPIK/ie-
HUAX €BKJIUI0BOI reomerpun. [1ocko/IbKy Bece yTBepKIeHUs €BKINI0BOI TreOMeTpUn
MOT'YT OBITH MapPKUPOBAHBI €BKJIN/I0BOIl MUPOBOIl (DyHKIIMElH 0F, KOTOpas MOJTHOCTHIO
OIMCHIBAET BCE TAKME yTBEPK/ICHUsI, TO 3aMEHA O — 0 BO BCEX ITUX YTBEPZKICHUIX
HMPUBOJIUT K MOCTPOEHUIO 00OOIIEHHONW TeOMeTPUHU, ONKMCHIBAEMOW MUPOBOI (hyHKIIH-
eil 0.

HeeBkin10B MeTO/ OCTPOCHUS F€OMETPUH MOXKET ObITH HCIIOJIB30BAH, €CJIA MbI
IIPE/ICTABEM COOCTBEHHO €BKJIMJIOBY F€OMETPHIO B 0-UMMaHEHTHOM BHjIe. [Ipu aTom
HET HEOOXOUMOCTH BBIJIE/ISATh U3HAYAJIbHBIE aKcuOMbl. Her HeoOXoumocT npose-
PSATHb WX COBMECTHOCTH W BBIBOJUTH U3 HUX JPYTHE T€OMETPUIECKUE YTBEPIK/ICHUS.
[Ipu TakoM TMOIX0/IE€ BCE YTBEPIKIEHWST COOCTBEHHO EBKJIMIOBOIl MeOMeTPUH MUMEIOT
paBHBIE IIPaBa. DTOT MOXO0J] HAIIOMHUHAET MapPKUPOBKY Oy/IeBBIX (DYHKIIHII, KOTOpas
BO3MOXKHA HM3-3a HEOOJIBIIOro ducjia OyieBuIX (byHknuit. B nanHoMm ciaydae MapKu-
POBKA OKa3bIBAETCS BOZMOZKHOM, TOTOMY UTO COOCTBEHHO €BKII0BA T€OMETPHS VKe
MOCTPOEHA U TIPEJICTAB/IEHA B 0-MIMMAHEHTHOM BH/IE.

Nmeercst apyrast aHaorust MexK 1y OyJIeBBIMU (DYHKIUSIMUA U O-UMMAHEHTHBIM
[Ipe/ICTaB/IeHIEM eBKJIMIOBOW reoMeTpur. BysieBbl (pyHKIHE IIpejIcTaBasioT coboit
MaTeMaTU4IecKuit HHCTPpyMeHT (popMabHoii jioruku. Popmain3M o-uMMaHEHTHOTO
ONMCAHUS TPeACTaBIgeT COO0I MaTeMaTHIeCKUii HHCTPYMEHT "'TeoMeTpHIecKoi J10-
ruku'", T.e. cucTeMy npaBuJl nocTpoeHust 06obenHoit reomerpun |3|. Moxker ObiTh,
MOZKHO J1a’Ke TOBOPHUTH O METareOMeTPHUH, KOTOPAst UMEET JIeJI0 CO BCeMU TeOMeTPH-
SIMU OJTHOBPEMEHHO.

Heoxkunanmoii yeproii "reoMeTpudecKkoii JJOruku' aBsieTcss MHOrOBapHaHTHOCTD
omeparuii 3Toit Joruku. Bee omepanun TpaauiuoHHON (hOpMaILHONR JTOTUKHA OTHO-
BapUAHTHBI. DTO y100HO u npuBbdHO. OIHAKO, HE BCe 00ODIEHHBIE T€OMETPUU MO-
ryT OBITH TMOCTPOEHBI HA OCHOBE OJIHOBAPMAHTHBIX MPaBuJI JOruku. Kpome Toro,
reoMeTpusl PeajTbHOTO MTPOCTPAHCTBA-BPEMEHN MHOTOBAPUAHTHA, W TTOITOMY BaYKHO
yMeTh paboTaTh ¢ MHONOBapHaHTHOI 'reoMmerpmdeckoii jorukoit". Muoropapuant-
HOCTb OKa3bIBAETCS OUeHb BaXKHBIM OOIIUM CBOHCTBOM 0OOOIEHHBIX T€OMETpHil U, B
YACTHOCTH, TEOMETPHH [IPOCTPAHCTBA-BPEMEHHU.

O06001IeHHAST TEOMETPHS, TOCTPOEHHAs ¢ IOMOIIBIO AedopMaIun COOCTBEHHO €B-
KJINJIOBO# reomMeTpuu, Ha3biBaeTcst T-reomerpueii (TpyGuaToil reomerpueit), moromy
410 B T-reoMerpun npsMble JUHAU PEJICTABISIOT cO00i, BOOOIIE rOBOPs, OBEPXHO-
cru (TpyOKH), a He OJJHOMEpHbIe JUHUH. DTOT (HaKT 0BYCJTOBIEH MHOTOBAPUAHTHBIM
XapakTepoM TapaJsuienbHoctu B T-reomerpun. B camowm fene, npsamas qunusa 7Zp,p, ,
npoxo/siias dyepe3 rouku Fy, Pp, onpejessiercs cOOTHOIIEHTEM

,]Vpop1 - {R|POP1HPOR} (124)
a KoJumHeapHocTh BeKTopoB PoPy u PoR onpezensercsa oquum ypasueruem (1.11)

(PoP,.PoR)* = [PoPy| - |PoR| (1.25)
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B n-mepHOM TpocTpaHcTBe O7HO ypaBuenue (1.25) ompesenser, BoobIme TOBODA,
(n — 1)-mepuyto noBepxuHocTh. Ecam MupoBas QyHKIUS MAJIO OTKJIOHAETCS OT €B-
KJIMJIOBOU MHUPOBOU (DYHKIUHU, ITA MOBEPXHOCTH BBITJISAJIUT KaK TPYOKa.

T-reomerpust mHTEpECHA CBOUM MPHJIOKEHNEM K (DU3UKE, B YACTHOCTU, K T'€O0-
MeTpHUHU NMPOCTpaHCTBAa-BpeMeHu u juHaMuke. B T-reomeTpun MozkeT OBITH OCTaB-
JIEH BOTIPOC O CYIIECTBOBAHUK Te€OMeTPUUIECKUX 00beKTOB. B mpocTpancTBe-BpeMenn
MuHKOBCKOI'0 BOIIPOC O CYIIECTBOBAHUU I'€OMETPUUECKUX OO'bEKTOB SIBJIS€TCH TPUBU-
AJIBHBIM B TOM CMBbICJIe, 9TO JH000H reoMerpudecKuii 00beKT (JI000€e MOIMHOKECTBO
O TOYeK TOYETHOIO IPOCTPAHCTBA {2) MOKET PACCMATPUBATHCST KAK CYIIECTBY OIIHIA.

[Tycts muoxectBo Touek Op p p, = O (P") sBisieTcsi FeOMETPHYECKUM 00beK-
tom, tae P" = { Py, Py,...P,} cyTb n 4+ 1 XapakTepHBIX TOYEK, OMPEIEIISIONHUX Te0-
merpuueckuii 0obext O (P™). Ilpobiiema cylecrBoBatus reOMeTpuIecKoro 00bekTa
O (P™) dbopmynupyercs caemyiomum obpazom. Leomerpuuecknii 06bekt O (P") cy-
mecTByeT B Touke Py € (2, ecqim B sit0oboit Touke (o € () MOXKHO MOCTPOUTH TAKOE
nogmuozkectBo Touek O (Q™), Q" = {Qo, Q1, ...Qn }, uT0 BEinOMHAIOTCA N (N + 1) /2
YPaBHEHU

P,PeqvQ:Qr, i,k=0,1,.n, i<k (1.26)

B coorBercreuu ¢ (1.14) sxsusasenrnocrs P;PreqvQ;Qy o3nagaer jaBa coorHormie-
HUA

(PiP.QiQr) = [P;Py| - |QiQuxl, IP:iPy| = [Q: Q4] (1.27)

Taxum obpazom, coornomrenus (1.26) o6pa3syior cucremy u3 n(n+1) ypaBuenuii s
ompeaeaeHus 4n KoopauHat To4eK (1, (o, ...(0,, B 4-MepHOM IIPOCTPAHCTBE-BPEMEHN.
Koopaunarel Touku (Qy 3a/@Hbl, HOTOMY YTO OHH OLPEJENSIOT CMelleHre 00beKTa
O (Q™). B npocrpancrse-spemenn Munkosckoro u3 coornonennii (PoPreqvQoQx)A
(PoPieqvQoQ;) caenyer, uro PrP,eqvQrQ;, npu ycaosum, 9410 Bee BEKTOPHI Bpe-
MEHHIIOO0HBI. DTO O3HA4YaeT, 9TO He Bce ypasHenus (1.26) mesaBucumbl. Bmecto
n(n + 1) ypasuennii (1.27) nosydaem 2n COOTHOIIEHHIH

(PoPr.QoQx) = [PoPk| - [QoQxl, IPoPr| = |QoQuxl k=1,2,..n (1.28)

JUTS onpeenenus 4n KoopamHaT Touek (g, @1, ...Qn.
Crpykrypa coornomennii (1.28) B npocrpancrse-speMenn MUHKOBCKOIO TAKOBA,
4YTO JIBA COOTHOIIEHUS

(PoP.QoQk) = |PoPy| - [QoQul IPoPr| = [QoQx| (1.29)

OJIHO3HAYHO OIPEIEJIAI0T YeThIPpe KOOPANHATHI TOYKN (), TPU YCIAOBUH, YTO BEKTOD
PP, spemenunonoben, r.e. |P0Pk|2 > 0.

B apyrux ogHOPOIHBIX H30TPOMHBIX T€OMETPUIX IMPOCTPAHCTBA-BPEMEHH CTPYK-
Typa cootHouenui (1.29) umeer apyroit xapakrep. B 5ToM cirydae jBa COOTHOIIEHUST
(1.29) ne oupejesiFoT OJIHO3HAYHO YeTbipex KoopauHar Touku Q. Kpome toro, co-
ornomenne PrP;eqvQ,Q; me asasercs caencrsuem coornomennii (PoPreqvQoQy)A
(PoP;eqvQoQ;), a coornomenus (1.26) obpasytor n (n + 1) cooTHomnenunii, sipsito-
IIIAXCsI, BOOOIIE TOBOPsI, HE3ABUCHMBIMIU.



Jlna nByX XapaKTepHBIX ToueK (Jo, ()1 monydaem n = 1, U 9HCIO ypaBHEHHIl
n(n+ 1) = 2 menbure, yem uncia0 koopaunar 4n = 4 roukn Q.

B ciyugae Tpex xapakTepHBIX TOUeK (o, ()1, )2 moaydaem n = 2, U YUCJIO0 ypaB-
Henuii n (n 4+ 1) = 6 menbIe, yem yucs0 KoopauHat 4n = 8 Toyek ()1, Q.

B ciiydae gernipex XapakKTepHBIX ToUeK (o, @1, @2, Q3 moaydaeM n = 3, U IUCTIO
ypasaenuit n (n + 1) = 12 paBuo uucity koopausat 4n = 12 rouek @1, @z, Q3.

Haxkomnen, B ciydae nsaru XapakTepHbiX To4eK (g, Q1, Q2, Q3, Q4 nosydaem n =
4, u uucjo ypauenuit n(n+ 1) = 20 Goabiie uncjaa koopaunar 4n = 16 Tovex
Q1, Q2, @3, Qu.

DTO O3HAYAET, YTO reoMeTpUYecKhue OObEKTHI, UMeoIIe OOJIbIIe HITH XapakK-
TEPHBIX TOYEK, BOOOIIE TOBOPS, He CYIECTBYIOT B MHOTOBAPHAHTHOM IIPOCTPAHCTBE-
BPEMEHH.

Bo Bropowm paszesie mpejcraBiiensl crenuduaeckue CBONCTBA €BKJIHI0BON MUDO-
BOI (pYHKIMHU, KOTOPbIe 00Pa3yioT HEOOXOIUMbIE U JOCTATOYHBIE YC/IOBUS €BKJIUI0-
BocTu. T'pernii n 4eTBepTHIil pa3/IesIbl OCBATIEHBl PACCMOTPEHHIIO SKBUBAJIEHTHOCTH
BPEMEHHIIONOOHBIX BEKTOPOB. B maToM pasjese paccMaTpuBaeTCs SKBHBAJIEHTHOCTD
M30TPOMHBIX BEKTOPOB. [locTpoerne reoMeTpuiecKux 00bLEKTOB pacCMATPUBACTCS B
mecToM pasjesie. Bpemennast 3BOJIIONUS MIPSIMOJTMHETHOTO OTPEe3Ka PacCMaTpPUBAET-
Cs1 B CEIBMOM pasJelie.

2 Chnenuduieckne CBOiCcTBa nN-MEPHOTO COOCTBEHHO
€BKJINI0Ba IIPOCTPAHCTBA

I/IMeIOTCH qeTbIpe YCJIOBUA, ABJIAOIIUECA HeO6XOﬂHMbIMH n JO0CTaTOYHBIMU YCJIO-
BUSIMU TOT'O, YTO MUPOBast (PpYHKIMS O SBJISETCS MUPOBOi (DyHKIMEH n-MEpPHOTO
eBKJIMI0Ba mpocTpancTsa [4]. Oun nMeroT Bu:

I. Onpenesienne pa3MepHOCTH:

IP" ={P,P,..P,}CQ,  F,(P")# F (Y =0,  k>n (21)

0,
rae F, (P™) ecrb onpeneanress I'pama (1.8). Bekroper PoP;, @ = 1,2,..n asnga-
10TCcst 6A3UCHBIMU BEKTOPpAMH NMPSIMOJIUHENHHON cucTeMbl KoopJauHaTr i, ¢ HagaJoM B
Touke Py, 1 MerpuueckuMu Temsopavu g, (P"), ¢ (P"), i,k =1,2,..n B K,,. Onn
OIpeJIeJIeHBI COOTHOIICHH AMHE

k=n
S g (P g (PP =0, ga(P") = (PP PPy,  i,l=12.n (22)
k=1

F, (P") = det||gix (P™)|| # 0, ik=1,2,..n (2.3)
[I. JImneitnasg cTpyKTypa eBKJIUI0BA MPOCTPAHCTBA:
i,k=n
1~ )
o(P.Q) =3 > g (P (@i (P) = 2 (@) (zk (P) — 21 (Q)),  VP,QED

ik=1

(2.4)



riae koopauuatel x; (P), z; (Q), 1 =1,2,..n Touek P u ) ABISIOTCS KOOPIXHATAME
BekTOpoB PoP, PoQ coorBercrBeHHO, Onpee/siiorcst COOTHONIEHUIME

[II: Marpuna merpuueckoro Tenzopa gy (P™) UMeeT TOJbKO MOJOKHUTEIHHBIE
CcOOCTBEHHDbIE 3HAYEHUS

>0, k=12 ..n (2.6)

[V. YpaBHenne HenpepbIBHOCTU: CUCTEMA ypPaBHEHU
(PoP;.PoP) = y; € R, 1=1,2,..n (2.7)

paccMarpuBaeMasi B KA4eCTBE CHUCTEMbI YPaBHEHUN Jjis onpejesienust ToUkun P Kax
dbyukmuu koopaunar y = {y;}, i = 1,2, ...n Bceraa nMeer OJHO U TOJBKO OJHO pelre-
nue. Yejosus I — IV cojepzkar cebliky Ha pa3MepPHOCTb 1 €BKJIK/I0BA IIPOCTPAHCTBA.

3 SOKBUBAJEHTHOCTbH ABYX BEKTOPOB

CB0iiCTBO SKBHBAJIEHTHOCTH JIBYX BEKTOPOB MOKeT ObITh BBeJIeHO B T-reomerpnn c
nomotipio coornortenust (1.14). Oxnako, B npousBosibHOl T-reomerpun paBeHCTBO
BEKTOPOB, BOOOIIE NOBOPS, MHTPAH3UTHBHO W3-3a MHOIOBapPUAHTHOCTH CBONCTBA Ta-
pajutesibHOCTH. VIHTPaH3UTHBHOCTH M MHOTOBAPHAHTHOCTH PAaBEHCTBA JIBYX BEKTO-
POB OYeHb HeyJI00Ha B MpHJIOXKeHHsX. Mbl OyaeM HCIOIb30BaTh TEPMUH 'SKBHBA-
JIEHTHOCTD'"'BMecTO TepMmuHa "'paBencTBo", ocTaBuB TepMmuH "paBeHCTBO'" 11 c1ydast
€ro TPaH3UTUBHOCTH.

Onpedeaenue. Ipa Bekropa PoP1 n QoQ; sxsusanentun (PoP1eqvQoQq), ecn
BBITIONIHEHO yeaosne (1.14)

PoP1eqvQoQ; : (PoP1.QoQ1) = [PoP1] - [QoQu|) A (|PoP1| = [QoQul) (3.1)

U3 ycnosust (3.1) caemyer, uro, ecan Beimosnaeno (PoPy)eqv(QoQ;1), To BeimosHsieTcst
(Qle)qu(PoP1)

3ameuarue. Mbl pasindaeM MezKy PaBeHCTBOM (=) BEKTOPOB M SKBUBAJEHTHO-
croio (eqv) Bekropos. Hanpumep, pasencrso PoP; = PyQ; o3nauaer, uro touku
Py u @y coBnagator (P; = @Q1). Pasencrso PoP; = QoQ; o3nauaer, uro Touka P
coBmagaer ¢ Toukoit (1 (P; = (1) u Touka Py cosnamaer ¢ roukoii Qo (Po = Qo),
Torjga Kak sKkBuBajeHTHOCTE PoP1eqvQoQ; o3HavYaer BHIIOJHEHHE COOTHOIIEHHIT
(3.1). Touka Py MoxKeT He COBHAJATH ¢ TOUKOH (Jo U TOUKa P; MOXKeT He COBIAJATh
¢ TOUKOI (Q1, T.e. paBencrBa Py = Qo u Py = (J1 MOIyT He BbIIOJIHATHCH.

Bekrop casura PyQq onuceiBaer capur nadasa Py Bekropa PoP,. Bekrop capu-
ra P1Q; omucwiBaer capur kouma Bekropa PoPi. B cobcrBeHHO eBKINMIOBOM TIPO-
CTpaHCTBE KBUBAJEHTHOCTH BeKTOpoB casura PoQo nu P1Q; mpuBoauT K SKBHBa-
JsieHTHOCTH BeKTOpoB PoP1 1 QuQ1, 1 Ha060pOT, SKBUBAIEHTHOCTEL BeKTOpoB PoP 1
QoQ1 TpuBOAUT K IKBUBAJIEHTHOCTH UX BeKTOpOB casura PoQeeqvP1Q:. B obmem
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caydae T-reomeTpun SKBUBaIeHTHOCTH BeKTOpoB casura PoQo u P1Q; Hegoctarou-
HO J1si 9KBuBajieHTHOCTH BeKTOpoB PoP1 1 QoQ. Heobxomumbl om0 HATEIBHBIE
orpanuuenus |PoP1| = |QoQ1| win PoP; 1T QoQ1, 9Tobnr obeceunTh uxX KBUBA-
JIEHTHOCTb.

Teopema. Bexropst PoP1 1 QyQ; SKBUBaJIEHTHBI, €C/IH SKBUBAJEHTHBI BEKTOPEI

casura PoQo u P1Q; u kpome Toro |[PoP1| = |QoQ1], win PoP; 11T QoQ:
[Tycrs (PoQoeqvP1Q;). DxBusasentuocrs Bektopos PoQo n P1Q; 3anuceisa-
eTcs B BHJE JABYX COOTHOIICHMI

o (Po, Q1) + 0 (P1,Qo) — 0 (Po, Py) — 0 (Qo, Q1) = 2¢/0 (Po, Qo) o (P1,Q1) (3.2)
o (Po, Qo) = 0 (P1,Q1) (3.3)

B cuny (3.3) ypaBuenue (3.2) MoKeT ObITH 3aIMCAHO B BHIE

o (P, Q1) + 0 (P1,Qo) — o (Fo, P1) — 0 (Qo, Q1) = 0 (FPo, Qo) + 0 (P1,Q1) (3.4)

Coornomenne PoP1eqvQoQ; 3amuceiBaercs B Bue

o (P, Q1) + 0 (P, Qo) — 0 (Po, Qo) — 0 (P, Q1) = 2v/0 (Py, P1) o (Qo, Qi(B.5)

o (Po, P1) —0(Qo, Q1) = 0 (3.6)
Pasnocrs coornoutenuii (3.4), (3.5) umeer Buj
7 (Po, P1) + 0 (Qo, Q1) = 2v/0 (Po, Pr) 0 (Qo, Q1) (3.7)

Ona MozKeT OBITH IIPUBEJICHA K BULY

(\/‘7 (Po, P1) = /o (QO>Q1)>2 =0 (3.8)

[Iycts reneps |PoP1| = |QoQ1|, u Beimomensr coornomenus (3.6), (3.7). Ilo-
CKOJIBKY cooTHOIIeHus (3.2), (3.3) mpeamoaraloTcst BHIMTOJTHEHHBIME, TO COOTHOIITE-
uue (3.4) roxe soinosneno. Coornomenue (3.5) TaKKe BBIIOHEHO, IIOTOMY 9TO OHO
sBJsieTcss cymMmoii coornomenuit (3.4), (3.7). Takum obpasom, coornomrenust (3.5),
(3.6) BbIOTHEHBI. DTO O3HAUaeT, 9T0 PoP1eqvQoQ;.

[Iycts Teneps |PoPq| 1T |QoQul, u coornomenue (3.5) Boimosnneno. I[Tockosb-
Ky coorHomenus (3.2), (3.3), (3.4) npeanonaraloTcs BHIMOTHEHHBIMI, COOTHOIIIEHHE
(3.7) ToXKe BBILOJIHEHO, OTOMY 4TO cooTHOIeHue (3.7) upejcrasisier coboit pas-
HocTh ypasuenuit (3.4) u (3.5). Ypasuenune (3.6) sABisteTcst CJI€ICTBAEM COOTHOIIIE-
uust (3.7). Takum obpazom, ypasuenns (3.5), (3.6) seimonnstorest 1 PoP1eqvQoQy.
Teopema mokazana.

3ameTuM, 9T0 B COOCTBEHHO €BKJIHMIOBOM IPOCTPAHCTBE, IJe TOHATHE SKBHBA-
JIEHTHOCTH OJIHOBAPUAHTHO M TPAH3UTUBHO, YKBUBAJEHTHOCTH MOKET ObITh 3aMeHe-
Ha paBenctBoM, u coorHomenus PoQeeqvP1Q; nu PyP1eqvQoQ; moxno 3anucars
coorBercTBeHHo B Buje PoQo = P1Q; n PyP; = QpQ1. (3aech cumBosn —” o3Ha-
JaeT OJHOBAPHAHTHYIO SKBHBAJCHTHOCTh. OH HCIOIB3YeTCs B TOM CMBICJIE, KaKOii
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OH UMeeT B eBKJII/I,ILOBOfI FeOMeTpI/II/I.) OTHU COOTHOIIIECHU 9KBHUBaJIEHTHBI, U JOIIOJTHU-

resbroe yenosue |[PoPy| = |QoQ| sBastercs caepcrsuem 060ro u3 3TUX yCIOBHI.
B camom gene, nobaisiss Bekrop P1Qy kK 00ouM cropoHaM paBeHCTBA

PoP; = QoQ: (3.9)
IOJTy 9aeM

PoQo =P1Q (3.10)

Kpowme Toro, B cobcTBEHHO eBKIMI0BOI reomerpun coorHomrenne P1PoeqvQi Qs
apnsiercs ciegcrueM coornommennii (PoP1eqvQoQ1) A (PoP2eqvQoQz). Urobsr mo-
Ka3aTb 9TO, 3allMIEeM 3TU COOTHOIICHUA B BUIEC ypaBHeHI/Iﬁ

PoP; = QoQu, PoPy = QoQ: (3.11)
Borunrast mepsoe coornorenue (3.11) u3 Broporo, mosydaem
PPy = Q:1Qq (3.12)

Takum obpa3zom, B cOOCTBEHHO €BKJIMJIOBOIW T'€OMETPUU CPEJIU MIECTH COOTHOIICHU
PoP1eqvQoQ1, PoP2eqvQeQs, P1P2eqvQ1 Qs mmeeTcst TOBKO deThipe He3aBUCH-
MBIX YCJIOBHSI, TOT/Ia KaK B OOIEM CJIydae Bee MecTh YCJI0BU, BOOOIIE TOBODSI, He3a-
BUCHUMBI,

4 IIpumepbl 3KBUBAJEHTHBIX BEKTOPOB B
OJHOPOJHON M30TPOIMHON MHOIOBApPUAaHTHOM
reoMeTpuu NMpPOCTPAHCTBA-BpeEMEHU

Paccmorpum o-npocrpanctso Vi = {0, R*} ¢ muposoit dbynkiueit

Ud:{ om+d, ecm oy >0 ’ d:)%zconst>0 (4.1)

oM, ecma oy <0

rjie oy eCcTh MupoBas (pyHKIUs 4-MepHOTO npocTpaHcTBa-spemenu Munkosckoro. B
WHEPIHAJIBHON cucTeMe KOOpAWHAT MUPOBast (DYHKIUs Oy UMEET BU]L

o (P, P') = oy (,2') = (2° — 2°)° = (x — x')° (4.2)

rjie koopaunarel Touek P u P cyts P = {2 x} = {ct, 2!, 2?, 2%}, P' = {2, X'} =
{ct', 2", 2"* 2"*} u c ecTb ckopocTh cBera. [TocTostnnas d KBaIupUIEPYeTCs Kak Iuc-
TOPCHs UCKAXKEHHOI'O [POCTPAHCTBA-BpeMeHn Vi, OIMCHIBAEMOIO MUPOBOi (hOyHKIIH-
eit oyr. [locTrosgauas \g MOKeT paccMaTpuBaThCd Kak '"3jieMeHTapHad JIuHA", acco-
HUUPYIOIIACH ¢ MCKAZKEHHBIM [POCTPAHCTBOM-BpeMeHeM Vj.

[TpocrpancrBo-Bpemst (4.1) 0JHOPOIHO ¥ W30TPOIHO B TOM CMBICJIE, YTO MHPO-
Bas (pyHKIUS 0q MHBAPUAHTHA 110 OTHONICHUIO K OJHOBPEMEHHOMY MPeobpa30BaHuIo
[Tyankape 060uX apryMeHTOB = U X’
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HempepbiBHOE TTPOCTPAHCTBO-BpeMs Vy JeMOHCTPUPYET MPOsiBIEHUE TUCKPETHO-
CTH B TOM CMBICJIE, YTO He CYIIECTBYET TOYEK T, T', pa3/eJeHHbIX BPEMEHHII0100-
HBIM HHTEPBAIOM p = /20 (x,2'), ¢ p € (0, \g). KaxkeTcs 10BOIBHO HEOKUTAHHBIM,
9TO KOHTHHYAJIHHOE TPOCTPAHCTBO-BPEMST MOZKET OBITH OJITHOBPEMEHHO JTUCKPETHBIM.
[To-BuauMOMYy, TUCKPETHOCTH TAKOTO POJIA CJIe/LyeT KBATNMUIIIPOBATH KaK JIUCKPET-
HOCTH BPEMEHT.

Paccmorpum aBa sxBuBasieHTHBIX BpeMmenuio1ooubix BekTopa PP, QoQ;. Tou-
ku Py, Py, Qo, ()1 IME0T KOOPIMHATHI

Py=1{0,0,0,0}, P ={s0,0,0} (4.3)

Qo = {a,b,0,0}, Q1= {s+a+ag,b+ 71,7, 73} (4.4)

Bpemennast och BeiOpana B10sb BekTopa PoP;. Bekrop casura PoQy = {a,b,0,0}
Je’KUT B IUIOCKOCTH KoopAamHATHBIX oceil zz!. Jlnuma s BexTopa PoP; m mapa-
METPBI CABUTA ¢, b MpeamoaaraloTca 3a0aHHbIMA. Benaunnl g, 81, V2, Y3 TOIIEZKAT
OIIpEICTICHNIO U3 YCJIOBHH, YTO BEKTOPEI

POP1 = {87 07 07 O} ) QOQI = {5 + Qo, V1,72, 73} (45)

9KBUBAJIEHTHDI.

[TockoIbKY TeoMeTpust OJHOPOIHA U H30TpPoIHA, cooTHomenus (4.3), (4.4) onu-
chIBaOT OOIMUil ciaydail pacmnosiokenust Touek Fy, P, (o, ()1 ¢ BpeMeHUTOm00HbIM
BekTopoMm PoP;. Cuemuduunsiii Bug dopmyn (4.3), (4.4) nonydaercs B pe3yibrare
HA/IJIEZKAIEro BEIOOpa CHCTEMBbI KOOPIHHAT.

PacemorpuMm mBa caydas.

I. Bece toukn Py, Py, Qo, ()1 pa3andHsbl,

U(P7Q):0M(P7Q)+/\(2)7 P#Q? P)QE{POJPDQO:QI} (46)

I1. P, = @y, Bce octanbubie TOUKH Py, Py, ()1 pa3audHbl, 1 BCE PA3JIHIHBIE TOUYKH
pasjiejieHbl BpDEeMEeHUTIOI00HBIME HHTEePBaJaMu. B 3ToM ciaydae nmeem

U(P7Q):UM(P7Q)+/\(2)7 P#Qv P7Q€{P0aP1aQ1} (47)

o (P1,Qo) = om (P1, Qo) =0 (4.8)

B nepBowm ciydae
PoP,> = |P0P1|12v[ + 2)3, 1QQ.|* = |Q0Q1|§4 +2)) (4.9)
PoQol” = [PoQoly; +2X3,  [P1Quf* = [P1Quf3; + 275 (4.10)

3nech n jganee mugekc "M'"o3nadaer BeJIMYWHBI, BBIYHCJIEHHBIE B MPOCTPAHCTBE-
BpeMenn MunkoBckoro. [IpuHuMasi BO BHUMAaHUE ONPEJIENeHNe CKAJISIPHOIO TPOU3-
segenus (1.6) u coornormenus (4.6), moayaem

(PoP1.QoQ1) = (PoP1.QoQ1 )y (PoQo-P1Q1) = (PoQo.P1Qq)y,  (4.11)
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Yenosue PogP1eqvQoQ: B TepMmunax Besmdna MUHKOBCKOIO UMEET BT,

(PoP1.QuQu)y = / (IPoP1 2 +232) (1QuQuf?, +233) (4.12)

|P0P1|12\/1 = ’Q0Q1|§4 (4.13)

Ncnonb3yst st (PoP1.QoQ1 )y 1 |P0P1|§4 TPAJAMIAOHHOE BLIPAKCHNE B T€PMHU-
HAX KOODJWHAT, MoJIy9aeM ¢ nomomibio (4.5) smecro (4.12) u (4.13)

s(s+ag) = s* + 2\ (4.14)
s =(s+a0)’ =7 —7% -7 (4.15)

Pemenne stux ypaBHeHuit maet

22 A2
ap="2 p=2g 1+ 2% 123 (4.16)
s 52 q

rJie g1, {2, g3 CyTh IIPOU3BOJIbHBIE BEIIECTBEHHBIE IIOCTOSIHHBIE U

=\ d+aG+a (4.17)

Takum 06pa3om, KOOpAUHATHI TOYKHU ()

222 Y ¥ Y
Q1={s+a+To,b+2)\0\/1+8—32,2)\0\/1+—3@,2)\0\/1%——3@} (4.18)
q $2 s2

B cayuae, korma Ao < |s|

(4.19)

Y

0, ~ {s—i—a+ 203 2 oq1 2002 2/\0%}
1~ 5 )
S q q q

[Tonpaska x koopaunare x°, 06yC/I0BIeHHAS AUCTOPCHEH, MMeeT TOPsI0K A2, Toria
KaK TOMPaBKa K JIPYTUM KOOPJWHATAM UMEET TOPSIIOK Ag. Takum oOpa3om, BEKTOP
Qo Q1 MHOTOBapHaHTeH, I €r0 MHOTOBAPUAHTHOCTD OIMCHIBAETCS JBYMS IPOU3BO/Ib-
HBIMH TTapaMeTpaMH.

Bropoit ciayuait 60mee mHTEepeceH ¢ (U3UIECKONH TOUKH 3PEHHSA, MOTOMY UYTO
OH MOKET PAacCMaTPUBATBLCS KAaK OLUCAHUE BPEMEHHOMN IBOJIIONUU I€OMETPUUECKOTO
00'beKTa, ONUCHIBAEMOI'O JIByMs XapaKTepHbIMH ToukKamu Py u P, pasjie/leHHbIMU
BPEMEHUTTON00HBIM HHTEPBaIOM. Bo BTOpoM ciydae, korma P; = (g, nmeem a = s,
b=0, te.

POZ{()’O7070}’ QOZPI :{8707070}7 Ql - {S+a0771772773} (420)

Bekroper PoP; 1 QoQ; umeror ToT ke cambiii Bu (4.5), OJHAKO, B 9TOM CIydae
coornomenue mexiy (PoP1.QoQ1) u (PoP1.P1Qq)y umeer Bux

(PoP1.QoQ1) = (PoP1.P1Q) = (PoP1.P1Q1)y — AL, (4.21)
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KOTODBIH OTIHYaeTcs 0T cooTHomrerust (4.11).
Yeaosue PoP1eqvQpQ; B Tepmunax Besmmana MUHKOBCKOTO MMEET BHL

PoQol* = |PoPi|” = |PoPify; + 223, P1Qo|* = [P1Qoly; =0 (4.22)
PiQi° = 1QuQif° = |QuQul}; + 23 (4.23)
(PoP1.QoQu)y — A = \/ (IPoP1[3; +223) (1QoQu [y + 2X3) (4.24)
|P0P1|12v1 = ’Q0Q1|§4 (4.25)

OHE IPpUHAMAIOT BU/T
s(s+ag) — Ao ="+ 2\ (4.26)
$ = (s+a) =11 —% - (4.27)

1 ormuaoTcest or coorHomenuit (4.14), (4.15) 3ameHoit Beamanubl Ao HA /3/2).
Ucnonb3yst 3ameny a — s, b — 0, \g — 1/3/2)\¢ B coornomennsx (4.18), (4.19),
nmosrydaeM st BekTopa QoQ1

)\2
QiQ: =P,1Q, = {S + 3 O,)\OI‘%‘2> )\o/ﬂ@, )\of‘i@} (4.28)

s q q q

TIe q1, G2, (3 TBASIOTCSI MPOU3BOJILHBIMU BEJTUIMHAMHA

3\2
K=4/6 <1 + gg) (4.29)

u g onpejessiercss coorHorennem (4.17).
B cayuae, korma Ay < |s]

3N 6 6 6A
QuQ, = P,Q, ~ {S+To>b+ \/_q0Q17 \/_qofh’ \/_qo%} (4.30)

Jpyroit mpenenpHblii caydait, korga s <K Ag. Homoxkum s = BAg, f < 1 n
[IOJLy YUM

3
Qle = P1Q1 = {)\0 (ﬁ + B) ,Aoﬁl%, )\0%1%,)\%1%} (4-31)

rae

3
K1 =1/6 (1 + 2—52) (4.32)

B sTom caydae Bce KoabdummenTor v, Y1, Vo, Y3 ABISIOTCA BEJINIUHAMEI OTHOTO T10-
pska 3\g/ 5, u muorosapuantTaocTh BekTopa QoQ; = P1Q; ouenn Besuka. TToy-

qaeM JJId |Qle|2

1QuQu|* = |QoQu 2 +2X2 = (2 + 52) A2 (4.33)
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5 ODKBHUBAJEHTHOCTh M30TPOMHBIX BEKTOPOB

PaccmoTpum 1Ba 9KkBUBaIEHTHBIX H30TPONHBIX BeKTOpa PoP1 1 QoQ; B mpocTpancTse-
spemenn (4.1) |PoPy| =0, |QoQ1| = 0. IlycTh ux KoopauHaThl GymayT

Py =1{0,0,0,0}, P ={ss50,0} (5.1)

Qo = {ap, a1, as,0}, Q1 ={ao+s+v,a1+ s+ 7,02+ 7,7}, (5.2)

rJle BeJIMYUHBI S, 4g, 41, Ay 33JaHbI, a BEJTHIHHBL Yo, V1, V2, Y3 JAOJKHBI OBITH OIIpe/Ie-
sierbl. Takum obdpaszom

P0P1 = {3737070}a QOQl = {S+707s+’717’y27’73} (53)
ITycrs Bee Toukn Py, Py, Qo, Q1 pa3judnbl, u |P0Q0|2 > 0, |P1Q1|2 > 0. Torna
(PoP1.QoQ1) = (PoP1.QoQu)y (5.4)
PoPi = [PoPuf}; =0, [QoQuf* = |QuQul3 =0 (5.5)
PoQol” = PoQoly +2)5,  P1Qul” = [P1Quly +2X3 (5.6)

yCIIOBI/Ie 9KBHUBaJICHTHOCTH HUMeeT BHU/J
(POPI'QOQI)M = 0, S (8 + 'Y()) — S (8 + ’Yl) =0 (57)

[PoPify = [QuQulyy =0, (s+%)° = (s+m) =5 -5=0  (58)
Pemenune ypasuenuit (5.7), (5.8) gaer

Yo = 71, Y2 ="73=10 (5.9)
QoQ: = {5+ 0,5+ 7,0,0} (5.10)
Pacemorpum ciayuaait, korma Toukn P n (Qy copnamator P = (Qy. Torma
P, =1{0,0,0,0}, P ={s,s,0,0}, (5.11)
Qo = {s,5,0,0}, Q1 = {25+ 70,25 + 71,7, 73}, (5.12)
PP, = {s,s,0,0}, P1Q: = QoQ:1 = {s+ 7,5+ 7,7%,73} (5.13)

B sTom cioydae momygaem
(PoP1.QoQ1) = 0 (P, Q1) + 0 (P1,Qo) — 0 (Py, Qo) — o (P1,Q1)
= o (Po, Q1) + 25 = (PoP1.QoQ1 )y + X5 =0 (5.14)

B repmunax koopaunar coornomenue (5.14) npunumaer Buj
s(s+7)—s(s+7)+ X =0 (5.15)

16



)\2
sty =s+n-"" (5.16)

Kpowme Toro

QuQu* =0, (s+%)° = (s+m)° =5 —25 =0 (5.17)
Pemenne ypasuenwuit (5.16), (5.17) gaer

S

)\2
Yo =T "= (73 + 73 +2X) + 2_2, (5.18)

S
2N

B pesynbraTe momydaem

2 S 2
P1Q, = QQ, = { % +7) - = (v +13) + —0772,73} (5.19)

2 (
202 25’ 2X3 2s
e Y2 and 73 — NPOM3BOJIbHBIE BEIECTBEHHbBIE YUCIIA.
BhIpasum BeJIMUMHBL S U 72,73 B €IMHANAX Ag

5 = Ao, Y2 = kaAo, 73 = k3o (5-20)

[Tonyaaem Bmecro (5.19)

1\ A 1\ A
P1Q; =QoQ: = {(—M (k3 +k3) — ;) 707 (—# (k3 +k3) + ;) 50, koo, k‘3>\o}
(5.21)
PoP; = {s,5,0,0} = {pAo, tAo, 0,0} (5.22)

JIOBOJIBHO HEOZXKHIAHHO, YTO JIBA YKBUBAJEHTHBIX U30TPONHBIX BeKTOpa P1Q; u
PoP, ceazannbie Mexy coboil mpuHaiekar K pa3HbIM 110JIaM CBETOBOIO KOHYCA.

6 IlocTpoenme reomerpmieckmx o0HEKTOB B
T-reomerpun

Feomerpudeckuit oobekT O C () mpejcranisier cOOOil MOIMHOKECTBO TOYEK B TO-
yeanoMm npocrpanctse ). B T-reomerpun reomerpuueckuii 06bexkt () onucwiBaer-
sl KAPKACHO-000JOYHBIM MeTOIoM [4]. DT0 03HAYaeT, YTO BCAKHUN TeOMeTpUIecKuii
obbekT O paccMaTpuBaeTCsl KaK MHOXKECTBO OObeINHEHUN U TepeceveHuii d1eMeH-
TapHBIX reomerpuydeckux oobexros (DI'O).

Koneunoe muoxecrso P* = { Py, P, ..., P,} C Q mapamerpos 0601049H0# hyHK-
1 fpn TpeacTaBIsieT COOON KapKac 3JeMeHTaPHOTO TeOMETPUUIECKOro 00heKTa
(9T0) € C Q. MuoxecrBo € C ) Touek, obpazywomux IO, HazbiBaeTcs 060-
JIOUKOIT Kapkaca P". B HempepbIBHOIT 0600IeHHON reoMeTpun 0601049Ka € OOBITHO
npejicraB/isier coboil HerpepbiBHOE MHOKeCTBO To4YeK. O0o/10uHas yHKIus fpn

fen:  Q—R, (6.1)
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onpenensiomasa 'O, apngerca dyukmueit 6erymeit Toukn R € () u mapameTpon
P C Q. Obosiounas pyHKIUs fpn HpeaoaraeTcd ajredpandeckoii pyHKimeii or s
aprymMeHToB w = {wy, wa, ...ws}, s = (n+2)(n+1)/2. Kaxkapiit u3 aprymesToB wy =
0 (Qk, L) npeacrapisier co6oit MUPOBYIO (DYHKIMIO 0 OT JIBYX apryMeHToB Qk, Ly €
{R,P"}, unu npunajrexkaiux K Kapkacy P", Wi cOBIaIaronux ¢ 6eryeii Toukoit
R. Takum o6pa3oM, J1000ii 31eMeHTapHbIi TeOMeTpUIecKuii 00beKT £ OIMpeIeseTcs
ero kapkacom P™ u ero 000s109H0# PyHKIMEH fpn KAK MHOXKECTBO HyJ1eil 000/104HOi
dyHKIIN

& = {Rlfpr (R) = 0} (6.2)

Xapaxkrepubivu Toukamu 'O sapistorest Touku ero kapkaca P = { Py, Py, ..., P, }.
[Ipocreitmuym npuvepom I['O apngerca orpes3ok 7jp,p,) IPAMO THHIK (1.24) mex-
ny Toukamu Py u P;. On onpeae/siercss COOTHOIIEHHEM

Tpr) = {R|frp (R) =0},
feop (R) = /20 (Py,R) + /20 (R, P\) — \/20 (P, P,) (6.3)

Jpyrum npumepom aBisgerca cdepa Spg, rae O ectb meHTp cdepsl, a () ecTb
HeKoTOpas Touka Ha moBepxuocTu cepsl. Chepa Sp,p, ONHUCHIBALTCSI COOTHOIIEHAEM

Soq ={Rlgoq (R) =0},  goq (R) = /20 (O,R) — /25 (0,Q) (6.4)

3aecs Toukn O, () 06pa3yror Kapkac cdepsl, Toraa Kak GYyHKIH §oq MPeICTABIAET
c000it 0607109HYI0 (DYHKIIHIO.

Tperbum npumMepoM siiistercst Kpyrosoii munuuap C(FPy, P, Q) ¢ Toukamu Py, Py
Ha OCH IUIMHIpPA U TOYKOH () Ha ero mosepxuoctu. Humuuap C(Fy, P, Q) ompese-
JISIETCS COOTHOIIIEHUEM

C(P07P17Q) = {R|fP0P1Q(R):0}7 (65)
fP0P1Q(R) = FQ(P07P17Q)_F2(PO7P17R)

(P0P1.P0P1 (P0P1.POQ)
(PoQ.PoPy) (PoQ.PyQ)

Buech \/Fy (P, P, Q) upeacraBasier coboil miomaapb napasuiesiorpaMma, mo-

Fy (Ry, P,Q) = (6.6)

cTpoennoro Ha BekTopax PoP1 u PoQ n % F; (Py, P1, Q) upejcrasisier cobOi mwio-
A/ b TPEYroJbHUKa ¢ BepmuHaMu B Toukax Py, P, Q. Pasencrso Fy (P, P, Q) =
Fy (Py, P1, R) o3nauaer, 9T0 paccTosinie MexK/y TOYKOil () U OCbIo, onpe/e/isieMoil
BekTopoMm PPy, paBHO paccrosauio mexk 1y Toukoii R u ochro. 31ech Touku Fy, P, Q)
00pasyIoT KapKac IIUINH/Ipa, TOr1a Kak GYHKIUA fp, p, ¢ ABIgeTCA 000T09HON PYyHK-
nueii.

Onpedenenue. Ipa IO E (P") u £ (Q™) 5KBUBAJIECHTHBI, €CJIM UX KAPKACHI IK-
BUBAJIEHTHBI U UX 000JI09HbIE (DYHKIUU fpn U gon PABHBI. JKBUBAJEHTHOCTD JBYX

kapkacoB P" = {Py, P,..., P,} C Qu Q" = {Qo,Q1, ..., @n} C Q o3nauaer, 41o

PiPkGQVQiQk, 1, k=0, 1,.n, 1< k (67)
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DKBHUBAJIEHTHOCTH 000JTOUHBIX (DYHKIHI fprn U gon O3HAYAET, UTO
fpo (R) = gpn (R),  VREQ (6.8)
rae ¢ ecth npousBoJibHasT DYHKIINAS, 0013 1AI0IIAsT CBOHCTBOM
®:R — R, $(0)=0 (6.9)

DkBuBaseHTHOCTH dopmbl aByX DI'O € (P") n £ (Q™) ompejensercs: SKBUBA-
JIEBHTHOCTBIO (POpPMbI MX KapkacoB P" u Q", Koropast OlUCbIBAETCH COOTHOLICHUSIMU

PP, = |QiQi, i, k=01,.n i<k (6.10)

U 5KBUBAJIEHTHOCTBIO UX 000JOYHBIX DyHKIHHA fpn U gon (6.8).
DKBUBAJICHTHOCTL OpHEHTaNuii KapkacoB P" u Q" B TOYEYHOM IIPOCTpPAHCTBE )
ONMCHLIBACTCS COOTHOUICHUSIMU

PP, 11 QQu i k=01,.n i<k (6.11)

DKBUBAJEHTHOCTH (OPMBI ¥ OPUEHTAIMN KAPKACOB IPEJICTABISAECT COOO0W IKBU-
BAJIEHTHOCTH KapKaCOB, OMUCHIBAEMYIO cOOTHOIIeHusIMU (6.7).

Onpedenerue. DeMeHTApHBIH reomerpuydeckuii oobekt £ (P™) cymecTByer, ec-
Ju B JII0O0OIT MOMEHT BpeMeHHU CYIIEeCTBYeT 3JIeMeHTAPHBIN TreoMeTpudecKuit 00b-
ekt &' (P™), sxkBusasnentupiii U0 £ (P™). TIpu 3T0M NpPeANnoIaraeTcs, 4To KapKac
P = {Py, P1,...P,} comepXuT TOUKH, pa3JeJeHHBIE BPEMEHUNOMO0HBIM HHTEDBA-
goMm. IIpenmomaraercsa, uro Bekrop PoP; aBmgerca BpeMeHnnogoOHbIM (|P0P1|2 >
0). Ilpeamonaraercs, 9T0 dJeMeHTApHbI reomerpudeckuii oobekr E(P" = & (B,
Py, ..., P,) maxomurcsa B Touke FPy. Tor ke campiii 910, naxopsmmuiicss B Touke P
umeer sug € (PY, P, Py...,P.) ¢ Py = Py. touku Py u P} = P, pa3jenennbl Bpeme-
HUIIOJOOHBIM MHTEPBAJIOM, U MOXKHO paccmarpusarh 10O & (B, P, Pj..., P)) xax
pesysbrar Bpemernoii sosonuu 'O € (P, Py, ..., P,), Upu ycJoOBUA YTO 9TH Te0-
MeTpHIeCKrne 00beKTH SKBUBAJIEHTHEI, T.€.

PPeqvP/P,, i k=0,1,.n, i<k (6.12)

Taxm 06pazom, ecim SO € (pgw, PO . P,§°>), £ (ng, PO P,E})), £(P?,

P1(2), e Pr(f)),... E(Po(k), Pl(k), ey P,&’“)),... [OIIAPHO SKBUBAJICHTHBI

£ (Pg’“*”, pE ng-n) eqvE (Pé’“), P®, P,E’“)) . k=12.. (6.13)
n
P = PV, PY=p? PP=p?Y . .P"=pP"" . (614)
‘P(k)P(k) o0 k=12 (6.15)
0 1 ’ ’ ’.'- .

MOZKHO paCCMaTpUBaTh CYyIIEeCTBOBaHUE MHOXKECTBa dJIEMEHTaPHBIX FeOMETPUYECCKUX

o6bexros (T0) & (pgw, PO P,(P)), £ (Pél), PO Pé”), £ (PO(Q), PP . Pf)),...
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E <P(§k),P1(k), ...,PT(,,k)>, co croiictBamu (6.13) - (6.15) KaK BpeMeHHYIO IBOJIOIHIO

Sr0 & (P(J(O), PO, . P}P)).

Nrak, reomeTpusi HpOCTPAHCTBA-BPEMEHU OIIPE/IE/IeT BO3MOXKHOCTH CYIIECTBO-
BaHUs reomerpuueckoro oobekra € (P™) m ero Bpemenndii ssomonnu. Hexoropbie
reoMeTpudeckKkne O0beKThl MOTYT CYIIECTBOBATH, JAPYTHe CYIIECTBOBATH HE MOTYT.
Dtor dakr 3aBucuT 0T BBHINOJHeHUS cooTHOmenus (6.13). Bpemennas sBosonus
HEKOTOPBIX FeOMeTPUIECKUX O0BLEKTOB MOXKeT ObITh MHOTOBapHaHTHa. Bpemennas
9BOJIIOLUS JIPYTUX 00BEKTOB MOXKET ObITh OJHOBApUAHTHON. BO3MOXKHBI Takue 1reo-
MeTpHYecKre 00beKThl, JJIsi KOTOPHIX HET SKBUBAJEHTHBIX I€OMETPUUECKUX 00bEeK-
TOB W HE CYIIECTBYeT BPEMEHHOil 3BOJIIOIUN.

7 BpemenHag 3BoJIONUA BPEMEHUIIO00HOTO
OTpe3Ka MpsaMOil

Bpemennnonobusiit orpe3ok (6.3) npamoii suann (1.24) sBiseTcs meMeHTapHbIM
reomerpudeckuM 00bekToM T[p p,), OMHUCHIBAEMbIM KAPKACOM, COCTOSIIUM M3 JBYX
touek Fy, P;. BpemenHast 3BOIIONKS 3TOTO OTPE3Ka ONMKUCHIBAETCS JIOMAaHO TPYyOKOit

Tpr.
Ty = UT[p,-PiH], P, 1PieqvP,P; 4, |PZ-PZ»+1|2 = 12, i=0,+1,+2, ...

(7.1)
®opma Jomanoit Tpy6ku 7y, B mpocTpancTBe-spemenn (4.1) muorosapuanTHa. OHa
BBILVISLIAT KaK Ielb, COCTOSINAs U3 OJMHAKOBLIX 3BeHbeB 7[p,p,,,]. B mpocTpancrse-
Bpemenn MuHKOBCKOTro dbopMa TpyOKH 7,y OJHOBADHAHTHA, H IIETDb 3BeHbeB [p,p,, ]
BBIPOZKIAETCA BO BPEMEHUIIO[00HYI0 IPAMYIO JIMHUIO.

B unepumaibhoii cucreme xoopmunar {ct,zr',x? x3}, roe touku Py, P, nmeror

KOOD/IMHATBI
P, ={0,0,0,0}, P = {\/,LLZ—Q)\%,O,O,O}, (7.2)

u BekTop PoP; umeer pauny

[PoP1| = /[PoP[, + 203 = 1. (73)

nosepxHOCTh T p py = Tipyp)\ {Fo, P} onmceiBaeTcst ciieiyiomnM ypaBHeHneM

2
T
rt=x"= + 5)\0, 0 <ct<Afpu?—2X\ (7.4)

2
!

Touku kapkaca Py, P| He npuHajexkar noepxaocTH (7.4), HO OHM MpUHAIEXKAT K

Tip,p,)- lloBepxuocTsb 1pescTaBisger coboit Kpyrosyio Tpyoky (7.4) ¢ MUHEMAJIBHBIM

4
PAIHYCOM Tmin = 1/3/2\¢g U MAKCHMATBHBIM PAJUYCOM Trax = 4/2A3 — %, wo>
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V2X\g. B mpezene Ao — 0 MaKCHMATBHBIA I MIHAMATBHBIH PAIHYCH CTPEMATCS K
HYJIO, 1 TPYOKa (7.4) BBIPOKIAETCS B OTPE30K HPSIMOI JIMHHUH.

Samevanue. Dopma 0007109HON (DYHKINKA HE WMEET 3HAYEHHS JIsi BPEeMEHHOI
9BOJIIOIMY T€OMETPHUIECKOTO 00beKTa, OMUCHIBAEMOro JAByMs Toukamu Fy, P; kKapka-
ca. B wacrroctn, BMecTo DI'O Tjp, p,), MOKHO paccMoTpeTh cdepy Sp,p,, Onpees-
eMyIo coorHorrennem (6.4). B sTom ciydae BMecto oManoii Tpyoku (7.1) momydaem

%r = USP¢P1‘+17 Pz’fIPiQC]VPiPZ‘Jrl, |PiPi+1’2 = /LQ, 7 = 0’ :|:17 :|:2’

(7.5)
31ech BMecTo orpeska TpyOkn (7.4), nosydaem runepbosry

r?=x =t — it + 2\ (7.6)

Hepocrarkom npejcrasienus (7.5) spisiercss Tor akr, 9T0 0JHA U3 TOYEK KapKa-
ca (Py) me npunajiexur obosouke cdepbl Spyp,. B npegese \g — 0 MHOKeCTBO
runiep6ost (7.6) He acconumupyercsi ¢ MUPOBOM JIMHUEH YacTUIbL.

Bsanmuoe pacrosiozenne CMezKHbIX 3BeHbeB 7[p,p;] H Z[p, p,] OIHCBIBAETCS yIJIOM
Mexk 1y BekTopam PoP; u BekTopom P Ps5. IlockobKY 9T BEeKTOPHI 9KBUBAJIEHTHbI
U, CJIeJI0BATEILHO TMAapALIeJbHBI, 3TOT yroa § = 0, moToMy 4To

coshf =

(PoP1.P1Py)
=1 .
[PoP1| - [P1Ps] (7)

OtHaKO, MOCKOIBKY

PP, = [P1Pafy; = [PoP1[> — 2)\2,  (PoP1.PiPy),, = (PoP1.P1Py) — A2
(7.8)
yrost Oy mexiy Bekropom PoPy u Bekropom PPy, usmepennsbiit Ha MHOrooOpasuu
MWuHKOBCKOTO, OIIPeIe/IsieTCsi COOTHOIIEHIEM
(P0P1.P1P2>M (P(]Pl.PlPQ) — )\g u2 — )\%

cosh Oy = = = > 1 7.9
N PPy - [P Py PoP|? — 2)3 % — 2X32 (7.9)

caydae, Korja (L >> g, u3 (7.9) caemyer, 9ro

by = V2N
7

(7.10)

Taxum obpaszom, npu pukcupoBanaom Bektope PoP Touka P, omnpenesiomnast
cvexubrit Bektop PPy, stexxut Ha moBepxHOCTH KOHYyca C yrjIioM fy; npu BepIiinHe
Py. Ecmu A9 # 0, nomanag (7.1) muoroBapuantha. Ecim A\g — 0, 10 B coorBer-
creun ¢ (7.10) 6y — 0, U KOHYC BBIPOKJIAETCS B MPAMYIO JIHHEIO. JIoMaHas Tpy6-
Ka (7.1) BBIPOXK/AETCS B HPAMYIO JIMHUIO, KOTOPAsi ACCOIMUPYETCsi ¢ MUPOBOM JiH-
uueit sacrurpl. B mpocrpancTBe-BpeMenu MUHKOBCKOTO MUPOBast JIUHUST SIBJISIETCSI
reOMeTPUIECKONH XapaKTepucTuKoi Jactuiibl. OIHAKO, KPOME TOTO YACTHUIA WMeeT
JUHAMHYECKUEe XapaKTePUCTUKH: UMIIYJILC P U Maccy m, KOTOpble He MOI'YT OBITb
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ompeiesieHbl TeOMEeTPUUEeCKH B IPOCTPAHCTBe-BpeMeHn MuHKOBCKOro. BekTop mM-
1IyJIbCa ABJIdeTCA KaCaTe/JIbHbIM K MI/IpOBOfI JIMHUU, U €I'0 HallpaBJIECHUE MOXKeT 6bITb
onpesesero 1o ¢opmve Mupooit JuHun. OHaKo, ero JymHa (Macca YacTHIBI) He
MOXKeT OBIThH OlpejiesieHa reoMerpudecku. B npocrpancTBe-BpeMenn MUHKOBCKOTO
Macca BIFeTCs TUHAMUYECKON (HereOMeTpHUIECKOi) XapaKTepUCTUKOMN, aCCOIUUPY-
oMmeiica ¢ MUPOBOI TMHUENH JYaCTHIIHI.

B uckaxkennom mpocTpaHCTBe-BpeMeHu Vy, OMUCBIBAEMOM MUPOBOH (DyHKIHEH
(4.1), macca gacTuIpl OupeeaseTca reomerpuiecku Kak jymua |P;P;. 1| = u 3Bena
jomanoit Tpy6kn (7.1). B camom gene, B Vg 3Beno 7[p,p,,,] €CTb OTPE30K TPyOKH
paguyca r. Konmpr P; u P;11 9TOro oTpe3ka MOryT ObITh OIIpejeeHbl TeOMeTpuie-
cku. Ecmn m3ectnsl konnwsl F;, Piyi orpeska 7ip,p,, ], TO MOXKHO ONPEJETUTH €To
puuny |P;P;i| = p. Opuaxo, B 9T0M ciiyvae Macca fi ONPEJe/IseTCss B eJIMHUIAX
JUIMHBI KaK PAcCTOSHHe MeXK1y TouKamu Kapkaca P, Piyi orpeska 7(p,p,, ). Touxkn
kapkaca Py, P He npuna/jex)ar K mopepxHoctu (7.4), Koropas OMUCHIBA€T WHTEP-
Bast T(p,p,, ) = 2P, \ {Fo, P }. O6BI4HO Macca JaCTUIBL BHIPAZKAETCS B eJUHUIAX
Macchl (), ¥ CyIeCcTBYeT YHUBEPCATIbHBIN MepeBoaHON KoadhdunuenT b, cBs3biBao-
Ui OOBIIHYIO MAcCCy M ¢ TeOMETPHIECKON Maccoil [

m=bu=>0P;P;1], [b] = g/cm (7.11)

Tor ke camblit KO3 PUITMEHT UCHOIB3YETCS JIJIsi CBI3U I'eOMETPUYECKOI0 BEKTOPa
P;P;.1 ¢ dusuvyeckum 4-BeKTOPOM HMITYJIHCA Pk

pe=be(PiPiy),, k=01,23 (7.12)

IJIe ¢ eCTh CKOPOCTh cBeTa i Beaudauusl (P;P; 1), aBigoTcsa koopauHaTamu BeKTOpa
P;P;,, B HEKOTOpPOII cucTeMe KOOPIUHAT.

TaxuM 00pa30oM, IPUHIUIIHAILHO IHHAMAKA YACTUIBI ABISCTCA CICICTBIEM Ieo-
Merpudeckoro onucanud. OQHAKO, TPAJAMIUOHHBIA JuHaMu4YecKnil hOpMaIU3M ro-
JINTCA TOJIBKO JIJIA ONMCAHUS OJHOBAPHMAHTHOIO JIBUZKEHUS. B 9TOM CMBIC/IE Tpa-
JUIMOHHASA OJHOBAPUAHTHAA JUHAMHKA COIJIACYETCS TOJIBKO € MPOCTPAHCTBEHHO-
BpeMeHHOi#l reoMerpueit MUHKOBCKOTO, W He COLIacyeTcs ¢ MHTOBAPHAHTHON Teo-
MeTpHeil HCKaXKeHHOTO IPOCTPAHCTBA-BpEeMEeHn V.

C Toukm 3penus ucKazkenuoii reomerpun Gq unrepsas T p p) OMUCHIBAET Ua-
cruily, Koropast umeer dpopmy 1mooit cepnl paguyca 1 (Tmin < 7 < Tmax) . Lakas
cdepudeckas 4acTUIA CYIIECTBYET B IIOKOE B cUCTeMe KoopJuHaT Ky B TedeHune cob-
crBennoro Bpemenu ¢ (0 < ¢ < p/c). B Moment cobcrBeHHOrO Bpemenu t = fi/c¢ cde-
pUYecKas YaCTUIA BEIPOXKIACTCA B TOUCUHYIO JACTHILY, HAXOJANLYIOCA B TOUKe P =
{11,0,0,0}. B ciienyromuii Moment Bpemenu t > f1/c ToueuHas 4ACTHIA TPEBPAIIAET-
cst B cepruIecKyo 9acTuily pagnyca r, (Fmin < 7 < Fmax) U JIBUKETCS B CIIy9ailHOM

IPOCTPAHCTBEHHOM HAIIPABJIEHUH CO CKOPOCThIO |v| = c-arth(fy) = c~arth(\/§%)

B KoopauHarHoit cucreme Ky. OguoBpeMenHO 9ta cdepudeckas 4acTUIa HAXOAUT-
¢sl B IIOKOE B HEKOTOPOii cucreme KoopAuHAT K1, JABHKYIIEHCS OTHOCHTEJNbHO CH-
crembl KoopauHAT K co ckopocthio v, (|v]| = ¢ - arth (6y)). Chepuueckas qacruma
HAXO/JUTCs B MOKOE B CHCTeMe KoopamHar K B TedeHme COOCTBEHHOrO BpeMeHH f,
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/e <t <2u/c. BMoMeHT cOGCTBEHHOTO BpeMenn t = 2/1/c cchepudeckast 4acTura
CHOBA BBIPOXKJIAETCs B TOYEUHYIO YacTuily B Touke P n 1.1, Kilaccuueckast mexanu-
Ka He MOYKeT OIHMCHIBATH TAKUe TeOMeTPUYIecKre 00beKThl 0e3 ONUCAHNs BHY TPEHHUX
creneneit cBo0o1pI. OHA He MOYKET TaKzKe ONMMUCHIBATH TPeodbpa3oBaHue chepuaeckoil
YACTHUILI B TOYEYHYIO U HA0OOPOT.

CymecTByeT mpobJieMa MOCTPOEHUsS MHOTOBAPUAHTHON JUHAMUKHU, KOTOPAs CO-
[JIACOBBIBAJIaCh Obl MCKAXKEHHOI reomerpueil Gq, onmucbiBaeMoii MupoBoii dpyHKIuei
(4.1). Yrobbl omucaTh MHOIOBADUAHTHOE [IBHZKEHHE YACTHIBI, HY’KHO PACCMOTDETh
BCE BAPUAHTHI JBUKEHUsT OJHOBPEMEHHO ¥ MOJIYYUTHh HEKOTOPOE CpejiHee OMuCaHue
(HeKOTOpbIE CpejiHIe MHUPOBbIE JTMHUH 4acTuIlpl). Takoe omucaHue Mbl GyJeM Ipo-
U3BOIUTH Ha MHOrooOpaszum MUHKOBCKOTO, TJle pe3yJbTaThl BCeX MaTeMaTHIeCKUX
ouepanuii (paBeHCTBO, CyMMHUPOBaHKe, yMHOKeHHE, JuddepeniupoBanme u T./1.) oJi-
HO3HAYHO onpejiesieHbl. Paboras Ha MHOrooOpa3nun MUHKOBCKOTO U UCIIOJIB3YSI OJTHO-
3HAYHBIE OTIEPAIH, ONPEIeJIEHHBIE Ha 3TOM MHOI000Pa3wu, MbI Oy/IeM UCIIOIH30BaTh
TeOMeTPHIO U CBOIICTBA TreOMeTPUIECKIX O0bEKTOB, OIpeiessieMble MIPOBOil (pyHK-
mueii (4.1).

Boobie roBops, Ki1accuueckast THHAMHUKA UMeeT HEKOTOPBIT OTBIT PAOOTHI C OTIH-
caHueM MHOI'OBapHAHTHOIO JiBHzKeHH:dA. B ciydae, KOrjga MMEIOTCS JIUHAMHYECKHE
yPaBHEHUST JIjIsi OTJAEJBHON JTUHAMUYECKONW CHCTEMbI, HO UMEIOTCS pa3Hble BapHaH-
THl HAYAJbHBIX YCJIOBHIl, TBUZKEHNE OKA3bIBAETCSI MHOTOBADUMAHTHBIM, U3-32 PA3HBIX
BapUAHTOB HAYATLHBLIX yCJIOBU. B 3TOM cirydae ucmomb3yercs CTATUCTHYECKUN aH-
caMOJTb, COCTOSIINI N3 MHOTHX OJMHAKOBBIX HE3ABUCUMBIX TUHAMUYIECKUX CHCTEM U
paccMaTpuBaeMblil KaK JIMHAMHUYECKasl CHCTeMa.

Hanpuwmep, cBobo/iHast HepeaSITUBUCTCKAS YACTUIA ONUCHIBACTCS JeficTBHEM

Ahhi/m(%)wt (7.13)

rje X = X (1) onuchIBae€T MUPOBYIO JIMHUIO KJIACCHYECKOH TOYEUHO 1aCTHIIbI.
Crarucrudecknii ancaMO/Ib CBOOOIHBIX HEPEJIATUBUCTCKUAX YACTHIL ABJISIETCS [TH-
HAMUYECKON CUCTEMOI, KOTOpas ONUCHIBACTCH JeiiCTBUEeM

AM:/ﬁ(%fﬁ% (7.14)

rae x = x (t,€), £ = {&, &, ..., }. HesaBucumblie epemennbie & MapKUPYIOT 4aCTH-

bl cTaTuCTHYecKoro ancamosis. Oyukius X = X (t,£) npu GUKCUPOBAHHBIX & OIK-

CBIBAeT MUPOBYIO JTUHUIO YaCTUIIBI, MAPKUPYEMYIO MeTKOi . Hucmao n mepeMeHHBIX

& MOXKeT OBITH MPOW3BOJIBHBIM, MOTOMY YTO HEBAYKHO, KAK MApPKUPYIOTCS dIeMeH-

Thl CTATUCTHIECKOIO aHcamOuig. OHAKO, OOBIYHO YHCJIO IePEMEHHbIX & BbHIOMPAIOT

paBHBIM YHCIy Hepemennbix X = {z!, 22, 23}, g Toro, uTo6L ypaBHeHus
Heiictust (7.13) u (7.14) mopozkaa0T OJHU U Te JKe yPaBHEHHs

d*x
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Iee munamudeckue cuctembl (7.13) u (7.14) pa3nundgaroTcss TOJTBKO TeM, UTO [TH-
HaMudecKast cucreMa (7.14) ocymiecTBisier OJHOBAPHAHTHOE OIUCAHHE, TOLJA KaK
craructudecknii ancam6ib (7.13) ocymiecTBiIsier MHOrOBapHAHTHOE OIMICAHUE, [JIe
HaJaJIbHBIE YCJIOBHS JJI PA3HBIX 3JIEMEHTOB CTATHCTHYECKOTO aHCAMOIs pas3ind-
ubl. Tunamudeckue ypasuenns (7.15) obpasyto cucremy o0vikrosernvis dugddepen-
YUANOHOLT YPABHEHUT].

Eciu jBuzKkenune oT1e1bHON 9acTuibl Sgp MHOTOBAPHAHTHO (CJLy9aiiHO), JINHAMU-
YecKHue ypaBHEHUsl JijIsd CcraTucTuaeckoro ancambsst & [Sg] nepecraior 6bITh 0ObIK-
HOBeHHBIMU JuddepenaabubiMu ypaBHeHussMi. OHE CTAHOBSITCS YDABHEHUSIMU B
JaCTHBIX IPOU3BOAHBIX. B 3TOM cilydae Helb34 MOTyIUTh JUHAMAYCCKHE yDAaBHEHU
JIST OTJIETBHON YacTHIBl Sy, XOTS TNHAMHYECKHEe YPABHEHHS I CTATHCTUIECKOTO
ancambuis & [Sy] cymecrByior.

Paccmorpum, nanpumep, jgeiictsue Buja

h d
Acisa) [x,u] = // %5{2 + %uz — §Vu dtde, x =2 (7.16)

BaBucnmMble epeMeHHbie X = X (£, £) OMUCBIBAIOT PErYJISPHYIO COCTABJISIONIYIO JBU-
KeHnd 9aCTHUIbI. BaBI/ICI/IMbIe IIepeMeHHbie U — u (t,X) OIIUCBbIBAIOT CpeJHee 3Ha4ve-
HUE CJIyYaifHO cOCTaBISIONEl CKOPOCTH, A TpeAcTaBIsieT co00H KBAHTOBYIO TOCTO-

gunyio. Oneparop
o o0 0
V= {% pYeR a—} (7.17)

BJIsIeTCA OIlepaToOpoM B IIpocTpaHcTBe Koopaunat x = {x! x? 23},

Yro6bl 10yunTh QYHKIUOHAI JefiCTBUS I OTAAbHON JacTuibl Sy u3 jeii-
crBug (7.16) mna & [Ss), cneayer onmycturs nurerpuposanue 1no € in (7.16), kak 910
caegyer u3 cpasuenus (7.13) u (7.14). Iosyqaem

h d
As,, [x,u] :/ %xu %uZ —SVugdt, % z£ (7.18)

rae X = X (t) m u = u (¢, X) cyrh 3aBUCHMBIe IUHAMIYeCKHe TlepeMenHble. DyHKIMO-
uas Jeiicteus (7.18) He sBiIsIeTCs XOPOIIO onpeeseHHbIM (st i # 0), moTomy 9To
ornepatop V olpejiesieH B HEKOTOPOil 3-MepHOII OKPECTHOCTH TOUKH X, a He B caMOii
touke X. [TockombKy dyHKImoHaN neficTBus (7.18) He ABJIsIETCS XOPOIIIO OMPE IeIeH-
HBIM, TO HEJIb3sl 1I0JIy YUTh JIMHAMUYECKUE ypaBHEHUs! /i Sg. 110 ONpPeIesIenuio 310
O3HAYAET, UTO JBUKEHUE YaCTHIBI Sg ABJISAETCSI MHOTOBAPUAHTHBIM (CJIydaiiHBIM).
[Tosmarag h = 0 B (7.18), upeobpasyem jeiicteue (7.18) B meiicrsue (7.13), moromy
9TO B 9TOM ciydae U = 0 B CHily AMHAMHYECKIX yDABHEHUIL.

Bepuemcs k geiicteuio (7.16) u moayunm AnHAMAYECKHE YPABHEHUs JJIS CTATH-
cruveckoro ancambys & [Sy] auumamuuecknx cucrem Sg. Bapbuposanue aeiicrus
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(7.16) mo u gaer

0Agis, [x,u] = // {muéu— gv5u} dtd¢
— (517527£3>
= //{muéu— —Vou }8(9&1 2 w3)dtdx

= //5u {mup+§Vp} dtdx—/}{§p5udtd8
Vx

o) (ot
8(1’1’x27;p3) 6(51,52,53)

[Tomy4yaem ciemyroliee TUHAMIYIECKOE YpaBHEHNE

rae

(7.19)

h
mpu + §Vp =0, (7.20)

Bapsuposauue geiicrus (7.16) o x maer
d? h
me= =V (Tu2 — —Vu) (7.21)

Baech d/dt o3Hauaer cyGCTAHINOHAIBHYIO TPOU3BOHYIO 110 BPeMeHH ¢

dFf _ 0(F.&,6,8)
dat - 0(t,&1,62,83)

Paspermast (7.20) OTHOCHTENLHO U, TTOJyYaeM ypaBHEHUE

h
u=—-——Vinp, (7.22)
2m
KOTOPOe HAIIOMUHAET BbIparkKeHUe JjIs CpejHell CKOPOCTH OPOYHOBCKON YaCTHIILI €
kodurmentom guddysun D = h/2m.
Uckimogasi ckopocTh U U3 JuHaMudeckux ypasuenuii (7.21), (7.22) u nepexo/s
K HE3aBHCUMBIM 3/IePOBBIM MEPEMEHHBIM ¢, X, HOIYy4aeM yPaBHEHUsI THIPOIMHAMMI-
9EeCKOTO THIA JJIA CPEJIHErO JBUKEHUST CTOXACTUIECKO dacTuipl Sy

d’x ov dp

rae v =2y Uy ects norennuan Boma [6]

B2 2 B2 V2
Vo) WV (7.24)

— 20\ —
UB—U(PavP>Vp)—8m P2 4m, P
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B ciyyae MOTEHIUATLHOTO TEUEHUs IUIPOJUHAMUYECKHE ypaBHeHus (7.23) K-
BuBasienTHbl ypasHenuto [lpennnrepa |6]. Takum obpaszom, neiicrsue (7.16) u jau-
Hamuveckne ypasHeHusi (7.23) MpaBHJIbHO ONUCHIBAIOT MHOTOBAPHAHTHOE JBHIZKe-
Hue vactul craructudeckoro ancambis & [Sy). OfHAKO, 0CTAETCsS HESICHBIM, KaK
BuL jeficrust (7.16) ¢Bsi3aH ¢ MHOIOBAPUAHTHON MPOCTPAHCTBEHHO-BPEMEHHOM reo-
Merpueil. DToT Bompoc uccaenyercs B padore [5]. Tlokazano, 4To s coraacus
IPOCTPAHCTBEHHO-BPeMeHHO reomerpun ¢ jeitcrsuem (7.16) aucropcuio d = A2
B MupoBoii dbyukiuu (1.3) cienyer BoIOpaTh B BHE

d—x— (7.25)
2bc
rjie A ecTh KBAaHTOBAs MOCTOSIHHASI, C €CTh CKOPOCTH CBeTa, a b ecTh MOCTOSTHHAS U3
coorrorrerust (7.11), CBSI3bIBAIOIIETO0 T€OMETPHUIECKYIO MACCY [ ¢ OOBIYHOl Maccoii
M TaCTHILBI.

31ech MBI IpeIaraeM TOTbKO HEKOTOPBIE MMPOCThIE COOOPaXKeHU I 00bICHEe-
HUsI CBsI3W MUPOBO# (byHKIMM HpocTpancTBa-BpeMenu ¢ jeiicreuem (7.16), omucoi-
BAIOIINM JIBHMKEHIE aHCAMOJII CBOOOJIHBIX JACTHII.

Kaxk cieayer u3 coornomterus (7.10), CKOPOCTb YaCTHIBI, OMUCHIBAEMAsT 3BEHOM
Tip,py), UMeeT jBe cocTapisionime. OIHA COCTABISONAL Vieg = P/ peryispHa.
Ona ompeenseTcs UMIIYJIbCOM YacTHIBI P. pyras coctaBigroiias CKOPOCTH Vg
00y CJI0B/IEHA CITy YaliHbIM 0Ty 2K JaHueM yacTuipl. Ee cpennee 3nauenne (Vg ) 3aBUCAT
OT COCTOsTHUSI BCero aHcam0Ost. OHO mMeeT BUT

3 A
<Vst> == _arminceMv log P, Tmin = 5)\07 eM = \/5?0 (726)

IJle @ eCTh HEKOTOPOe BeNeCTBEeHHOE YHCJIO TOPSIKA eTHHUIIBI U ) eCTh IJIOTHOCTH
JACTHUI B CTATHCTHYECKOM aHCAMOJIE.

C onmoit croponsl, u3 geiicrus (7.16), Jao1ero NpaBuibHOE ONUCAHUE CPeJIHe-
TO JIBUKEHWST JACTHIIBI CJIeIyeT, YTO CPeTHSS CKOPOCTh CTOXaCTHIECKOTO JBUZKEHUS
JACTHUIBI MOZKeT OBbITh mpe/craBiena B Buje (7.22). C aApyroit cTOpOHBI, CpaBHEHUE
coornomtennit (7.26) u (7.22) npusomutr k pesyabrary (7.25). IIpu 5T0M BazKHO, UTO
nocrosinnast b ne nossisiercs B geficrsun (7.16), 1 HeJIb3s IKCIEPUMEHTAIBLHO OLIPe-
Je/TUTH 3HAYEHHE MOCTOSHHO b Tak ke Kak 1 3HadeHue nocrosuuoit ¢ = A2, Takum
00pa3oM, Jijist 00 bsICHEHHST KBAHTOBBIX 3(PHeKTOB BazKeH (DaKT MHOIOBAPUAHTHOCTH,
a He ee YHCJEHHOe 3HAUeHUe.

8 3akJjodnreJbHbIE 3aMeYaHUd

HeerkinioB MeTos1 moctpoenusi 0600IIEHHON TeOMETPHUH TTO3BOJISIET TTOCTPOUTH BCE
BO3MOKHBIE OOOOIIEHHBIE T€OMETPUU. DTH I'€OMETPUH MOI'YT ObITh HeIpepbIBHBI-
MH WA JUCKpeTHBIMHA. OHU MOTYT UMeTh TePeMEeHHYI0 Pa3MepHOCTh W, BOOOIIE,
He uMeTh pa3mepHocTu. HeeBkiinjioB MeTo)1 paboraeT TOJbKO ¢ MUPOBOW (hyHKIIM-
eil, koropasa gBJieTCd €JUHCTBEHHON CyIIECTBEHHON XapaKTePUCTUKON reOMeTpUu.
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HeeBknmoB MeTo/ HE UCTIOJIB3YET KOOPAMHATHOTO OMMCAHUS, U HET HEOOXOIUMOCTH
HPUHUMATH BO BHUMAHUE U YCTPAHATH HPOU3BOJBHOCTD, CBA3AHHYIO C UCIOJIb30Ba-
HUEM KOOD/IMHAT.

Heerkin1o0B MeTO/1 HE HY2KTa€TCs B pa3/ie/IeHUN YTBEPZKJICHU I TeOMETPUHN Ha aK-
CHUOMBI ¥ TeopeMbl. EMy He HyKHA TPOBepKa HEIPOTHBOPEUYUBOCTH AKCHOM, CBI3aH-
Has C STUM paz/enenneM. HeeBKINI0B MeTO/I TO3BOJISIET OOHAPYKUTH CBOHICTBO MHO-
rOBAPUAHTHOCTHU, KOTOPOE $BJISETCS BazKHBIM OOIIMM CBOUCTBOM OOOOIIEHHBIX I'€0-
MeTpuit. MHOrOBapuaHTHOCTH OKa3bIBAETCS OUYE€Hb BaXKHBIM CBOHCTBOM IPOCTPAHCT-
BEHHO-BPEMEHHOI TeOMeTPHHN, OTBETCTBEHHBIM 33 KBAHTOBBIE 3 dexThl. CymecTBo-
BaHNEe MHOIOBAPUAHTHOCTH MIPE/ITUCHIBAET HOBBIN IEPECMOTP MPOCTPAHCTBEHHO-BPeE-
MeHHOIl TeoMeTpuu. MHOTOBAPMAHTHOCTH T€OMETPHUH MPOCTPAHCTBA-BPEMEHU TI03-
BOJISeT HPOJIBUTATHC 110 Iy TH JlaJibHeilieil reomerpusanuu dpusuku. Macca yactu-
bl OKA3bIBAETCS TEOMETPUYIECKON XapaKTepucTuKoit gacturbl. CTaHOBUTCS BO3MOK-
HBIM TIOCTAaBUTH BOIPOC O CYIIECTBOBAHUU reOMETPUYECKUX 00beKTOB. B yacTHOCTH,
CTAHOBUTCS BO3MOXKHBIM DACCMATPHUBATDh MpobsieMy KoHMaAWHMEHTa KaK reoMeTpH-
YeCKYH0 MPOGJeMy CYIIEeCTBOBAHUS CJIOKHOTO 00beKTa (a He KaK JTUHAMHYECKYIO
poGJIeMy yIepKaHUs TOYEUHBIX YACTHI[ B OTPAHUYIEHHOM 00beMe).
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